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Abstract

A strong edge-coloring of a graph G is a function that assigns to each edge
a color such that two edges within distance two apart must receive different
colors. The minimum number of colors used in a strong edge-coloring is the
strong chromatic index of G. Lih and Liu [14] proved that the strong chromatic
index of a cubic Halin graph, other than two special graphs, is 6 or 7. It remains
an open problem to determine which of such graphs have strong chromatic index
6. Our article is devoted to this open problem. In particular, we disprove a
conjecture of Shiu, Lam and Tam [18] that the strong chromatic index of a

cubic Halin graph with characteristic tree a caterpillar of odd leaves is 6.

1 Introduction

The coloring problem considered in this article has restrictions on edges within dis-
tance two apart. The distance between two edges e and €’ in a graph is the minimum
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k for which there is a sequence eg,eq,...,e, of distinct edges such that e = ey,
e/ = e, and e;_1 shares an end vertex with e; for 1 < i < k. A strong edge-coloring
of a graph is a function that assigns to each edge a color such that any two edges
within distance two apart must receive different colors. A strong k-edge-coloring is a
strong edge-coloring using at most k colors. The strong chromatic index of a graph
G, denoted by x%(G), is the minimum & such that G admits a strong k-edge-coloring.

Strong edge-coloring was first studied by Fouquet and Jolivet [8, 9] for cubic
planar graphs. A trivial upper bound is that x.(G) < 2A% — 2A + 1 for any graph
G of maximum degree A. Fouquet and Jolivet [8] established a Brooks type upper
bound Y.(G) < 2A? — 2A, which is not true only for G = C5 as pointed out by Shiu
and Tam [19]. The following conjecture was posed by Erdds and Nesetril [5, 6] and
revised by Faudree, Schelp, Gyarfas and Tuza [7]:

Conjecture 1. For any graph G of maximum degree A\,

A2, if A is even;
A? - IA+ 10 f Ais odd.
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Xs(G) < {

Faudree, Schelp, Gyérfds and Tuza [7] also asked whether x.(G) < 9 if G is cubic
planar. If this upper bound is proved to be true, it would be the best possible. For
graphs with maximum degree A = 3, Conjecture 1 was verified by Andersen [1] and by
Horék, Qing and Trotter [12] independently. For A = 4, while Conjecture 1 says that
X.(G) < 20, Horédk [11] obtained x’(G) < 23 and Cranston [4] proved x.(G) < 22.

The main theme of this paper is to study strong edge-coloring for the following
planar graphs. A Halin graph G = T U C is a plane graph consisting of a plane
embedding of a tree T' each of whose interior vertex has degree at least 3, and a cycle
C' connecting the leaves (vertices of degree 1) of T' such that C' is the boundary of
the exterior face. The tree T" and the cycle C' are called the characteristic tree and
the adjoint cycle of G, respectively. Strong chromatic index for Halin graphs was first
considered by Shiu, Lam and Tam [18] and then studied in [19, 13, 14].

A caterpillar is a tree whose removal of leaves results in a path called the spine
of the caterpillar. For k > 1, let G; be the set of all cubic Halin graphs whose
characteristic trees are caterpillars with k + 2 leaves. For a graph G =T U C in Gy,
let P: v1,vs,..., v be the spine of T" and each v; is adjacent to a leaf u; for 1 <i <k
with vy (resp. vg) adjacent to one more leaf ug = vy (resp. ugy1 = vgy1). We draw G
on the plane by putting the path vgPvy 1 horizontally in the middle, and the pending



edges (leaf edges) vyu;, 1 < i < k, by either up or down edges vertically to P. See
Figure 1 for an example of Gs.

Uy U2 Ug U7 usg

Ug = Yo U1 V2 V3 Vy Vs Vg (Vs Vg Vg = Ug

Uus Uy Us

Figure 1: The graph G333 in Gg.

From this drawing, we associate G with a list of positive integers (ny,na, ..., n,),
where n; is the number of maximum consecutive up or down edges, starting from the
leftmost to the rightmost on P. We use Gy, n,....n, to denote this graph. For instance
the graph in Figure 1 is G5 33. Notice that ny +n9+ ---+n, = k. For a special case
when these pending edges are all in the same direction (up or down), the graph Gy
is called the necklace and denoted by Ney in [18]. Notice that Gy, is the only graph
in G for k < 3.

Observation 1. Gy, ny.. 0. = Gay. gy -

Observation 2. Gy, 1y, 001 = Gy g +1-

It is easy to see that x.(G) > 6 for any G € Gi, k > 1. Shiu, Lam and Tam [18§]
obtained the following results:

9, k=2;

8, k=4,

7, kis even and k > 6;
6, kis odd.

X.(Gr) =

o If G € G with k > 4, then 6 < x/(G) < 8.

e If G is a cubic Halin graph, then 6 < x.(G) <09.

Moreover, the authors [18] raised the following conjectures:

Conjecture 2. If G € G, with k > 5, then x,(G) < 7.



Conjecture 3. If G € G, with odd k > 5, then x.(G) = 6.

Conjecture 4. If G =T U C is a Halin graph, then x.(G) < x.(T) + 4.

Faudree, Schelp, Gyarfas and Tuza [7] proved, for any tree 7', it holds that x.(7T") =
maxX,e (1) (deg(u)+deg(v)—1). Conjecture 4 was confirmed by Lai, Lih and Tsai [13],
who proved a stronger result that x.(G) < x4(7T") + 3 for any Halin graph G =T UC
other than Gy and wheels W, with n # 0 (mod 3), where W,, = K3, UC,,. Note that
Xe(Ws) = X4(Ki5) + 5; and x,(G) = X4(T) +4 for G = Gy or G = W,, with n # 0
(mod 3) and n # 5.

Conjecture 2 was confirmed by Lih and Liu [14], who proved a more general result
that x,(G) < 7 is true for any cubic Halin graph other than G, and G,4. Hence, the
strong chromatic index for any cubic Halin graph G # G5, G4 is either 6 or 7.

It remains open to determine the cubic Halin graphs G with x.(G) = 6 (or the
ones with x.(G) = 7). Our aim is to investigate this problem. In particular, we
establish methods that can be used to study the graphs G,. As a result, we discover
counterexamples to Conjecture 3. We prove that for any & > 7, there exists graph
G € Gy with x.(G) = 7; and for any k # 2,4, there exists G € G (other than
necklaces) with x’,(G) = 6. In Section 4, we determine the value of x.(G) for some
special families of graphs G in Gy.

2 Cubic Halin graphs G with y,(G) =6

This section gives some cubic Halin graphs with strong chromatic index 6. We begin
with the development of several general transformation theorems for Halin graphs.

For a positive integer r, an r-tail of a tree T is a path P.: vy, va, ..., 0p, Upyq
in which vy is not a leaf but all vertices in L; = {u & P: wv; € E(T)} are leaves
for 1 < ¢ < r. For integer s < r, cutting Ps from T means deleting the vertices
{v1,v2, ..., 0521} Ur<i<s L; from T', which results in a tree denoted by T'& Ps. Notice
that vs becomes a leaf adjacent to vsy; in T' © P.

Suppose P: vy, vs,...,0,, V.41 IS an r-tail of the characteristic tree T" of a Halin
graph G = T'U C. For any j with 1 < j < r, the vertices in Ui<;<;L; form a
consecutive portion on the adjoint cycle C'. See Figure 2 for an example of a 4-tail.
For any two vertices in Us<;<, L;, we may regard that they are on the same or different
sides of Ly. For instance, in Figure 2, u} and u3 are on the same side of L;, while u}
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and u% are on different sides of L. For s < r, the tree T' © P; is the characteristic
tree of a new Halin graph, denoted by G © Ps, whose adjoint cycle is obtained from
C' by replacing the segment {z} Ui<;<s L; U {y} by the path zvsy originally not in G,
where x (respectively, y) is the vertex in C' right before (respectively, after) Uy <i<sL;.
See the dashed path for zvsy in Figure 2.

P
ovs  Li={ul}
Uy Ly = {u},u3}
U3 Ly = {uy, uj}
/ va N\ = {ug, uf, u}
//\ N
A AN o
r=ul wuwl uwl W Wl Wi ouw ud oy

Figure 2: A cutting 4-tail from 7', resulting in G © P, with two new edges, vz and
v3y, while vertices in {vy, v} U Ly U Ly U L3 are all gone.

We denote a 4-cycle by (x1, o, x3, x4), which consists of the edges x4x1, and z;x,41
forv=1,2,3.
Lemma 3. Suppose (x1,22,x3,x4) is a 4-cycle in a graph G in which each x; is
adjacent to a vertex y; not in the 4-cycle for 1 < i < 4. If X'.(G) = 6, then for every
strong 6-edge-coloring f of G we have

(i) f(ziy1) = f(xsys) and f(xay2) = f(xays), and
(ii) f(ysys) = f(x122) whenever ys is adjacent to ys.

Proof. Part (i) follows from that for each i the edges on the 4-cycle (x1, z2, 3, x4)
together with the edges z;y; and x;1y;11 use all the 6 colors, where x5y5 = x1y;.

Part (ii) follows from that the edges on the 4-cycle (x3,ys, ¥4, 4) together with
the two edges x1x4, xox3 use all the 6 colors. See Figure 3 for an illustration. O

We now consider the cutting tail operation for the characteristic tree of a cubic
Halin graph G = T'U C. We shall study the conditions for which such an operation
preserves the fact that y,(G) = 6.



o 2 4 b
Y2 X2 T3 Y3

Figure 3: a, b, c are forced to be 2,1, 3, respectively.

Theorem 4. Suppose P: vy, vq,v3,v4 1S a 4-tail of the characteristic tree T' of a cubic
Halin graph G =T U C, where Ly = {ugp,u1} and L; = {u;} fori > 2. If uy and us
are on the same side of Ly, then x.(G) = 6 if and only if X\,(G & P;) = 6.

Proof. (=) Suppose x’,(G) = 6. Let f be a strong 6-edge-coloring of G. Without loss
of generality, we may assume that f(xug) = 1, f(uou1) = 2, f(uiuz) = 3, f(viug) = 4,
f(viuy) = 5, and f(v1v2) = 6 as the bold faced numbers in Figure 4. It is then the case
that f(voug) = 1. Repeatedly applying Lemma 3, we have f(usus) =4, f(vov3) = 2,
f(vsus) =5, f(uzz) = 6 and f(vsvy) = 3 (see Figure 4). In G © P,, we use the old
color for edges in GG, and color the new edges vy and voy by 1 and 4, respectively. It
is easy to check that the new coloring is a strong 6-edge-coloring for G © P,. Hence,
X:(G & P,) = 6.

(<) Suppose XL(G © P,) = 6. Let f’ be a strong 6-edge-coloring of G & P,.
Without loss of generality, assume that the colors are as in Figure 4. We may delete
the edges xvs and vey, and extend the coloring to G using the colors as in Figure 4.
This gives a strong 6-edge-coloring of G, so x.(G) = 6. O

P
'114‘
3

U3

Figure 4: A cutting G & P;.



Corollary 5. Suppose nq +ng + -+ +mn, > 2. Then X\ (Gny ny...n.) = 6 if and only

Zf X/s(Gm,nz ~~~~~ nr+2) = 6.

Theorem 6. Suppose P: vy, vq,v3,v4,v5 1S a b-tail of the characteristic tree T of a
cubic Halin graph G =T U C, where Ly = {ugp,u1} and L; = {w;} fori > 2. Assume
us and uz are on different sides of Ly, while us and uy are on the same side of Ly. If
X5(G © P) =6, then x(G) = 6.

.....

Proof. Let f' be a strong 6-edge-coloring of G & P,. By Lemma 3, without loss of
generality, we may assume that f'(vsvs) = 1, f'(vavs) = 2, f(voy) = 3, f(v4uy) =
f(wzx) =4, f'(vws) = f(xvy) = 5 and f'(vsus) = f'(usz) = 6, as the bold faced
numbers shown in Figure 5. We delete the edges zvy and voy from G & P,, and
extend the coloring to G using the colors shown in Figure 5. This gives a strong
6-edge-coloring of G, so x4(G) = 6. O

P

Figure 5: A cutting G & P;.

Remark that unlike Theorem 4 the converse of Theorem 6 is not true. This can be
seen by the example given blow that x%(Giss) = X5(Gixe2) = 6, while x%(G146) = 7.
(See Corollary 11.)

Corollary 7. Ifni+no+---+n, > 2 and x,(Gn, n,
6.

.....

Corollary 8. Assume X.(Gn,ny...n, 11) =6 where ngy +ng+ -+ +mn,—1 > 2. Then
Xo(Gryng. oy v Fy Py, Fo1) = 6, where each F; is either a single positive even integer,

or a list of two integers, (1,t), for some odd integert. In particular, X'(Gny ng....nm1.15m) =

6 for odd m, where 1 xm stands for a sequence of m 1’s.
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Proof. Assume X.(Gnyny. . n.,1) = 6. It suffices to prove the result for the case
k = 1. Assume F] is a single even integer, I} = n,. By Corollary 5 and Observation
2

Y

6= X/s(Gm,nzw,nrle) = X/s(Gm,nzw,nrﬂ,l—i-nr) = X/s(Gm,nzw,nranml)'

Next, assume Fj is a list of two integers (1,¢) for some odd ¢t = 2s + 1. By
Corollaries 7 and 5, and Observation 2,

6 - X/S(Gnl,ng,...,n,_l,lﬂ) - X/s(Gnh’ﬂz,...,nrfl,1,2(84—1)) - X/S(Gnl,ng,...,n,_l,l,t,l)-

O

Let k be an even integer. Although it is known [18] that x.(Gj) > 6, there exist
graphs G € G with x.(G) = 6. Figures 6 and 7 show two examples. For positive
integers x and n, we denote x xn as an n-term repeated sequence of x.

Figure 7: A strong 6-edge-coloring for G1,s.

By the results we have shown, one can verify that for every positive integer
k # 2,4, there exists G € G (other than necklaces) with x.(G) = 6. This is be-
cause X.(G1) = X4(G111) = X4(G2211) = X.(Giks) = 6, by Corollary 8, one gets
Xs(G2.215m) = 6 for even m > 4, and x.(G14,) = 6 for n # 2,4, 6.



3 Cubic Halin graphs G with y.(G) =7

We present some cubic Halin graphs with strong chromatic index 7. In particular, we
prove that for any k > 7, there exists G € G with x.(G) = 7.

Let us start with an example, xi(G22) = 7. Suppose to the contrary that
X%(Ga2) = 6. Choose a strong 6-edge-coloring f for Goo. By Lemma 3 (i), f(vous) =
f(vqvs). Since the color f(vous) has to be used by the 4-cycle (uy, ug, va,v1), it is the
case that f(vous) = f(ugve), and so f(v4vs) = f(uqvs), a contradiction.

Lemma 9. Let G = Go3.1n4ms...n. With T > 4. If f is a strong 6-edge-coloring for G,
then f(uiv1) = f(utryn,) = f(v7vs).

Proof. Without loss of generality, assume that f(voui) =1, f(vov1) = 2, f(vous) = 3,
f(viuy) = 4, f(ujuz) = 5, and f(vivy) = 6. See the bold faced numbers in Figure
8. Then f(vyus) = 3. By Lemma 3 (i), f(ugug) = 2, f(vovs) = f(uqus) = 1, and
f(v4vs) = 3. See the italic numbers in Figure 8.

Suppose f(vsuz) = = and f(uzus) = y. Then z € {4,5} and y € {4,5,6}. By
Lemma 3, f(vsus) = x and f(vsvg) = y. Let z be the only label in {4,5,6} — {x,y}.
Then {f(vesvr), f(veus)} = {1, 2}, since vgv7 and veug cannot be labeled by 2,3, z,y.
Let f(ugu74n,) = a. Then a ¢ {1,2,3,5,y,z}. Hence, it must be the case that
a=x #5, implying a = x = 4.

By Lemma 3 (i), f(usur) = f(vsvy) = ¢ € {5,2}. If ¢ = 5, then f(vgv7) = 1
and f(vgug) = z = ¢ = 5, which is impossible as f(ujuz) = 5. Hence, ¢ = 2. Then
florur) & {1,2,z,y,2}, so f(vruz) = 3. Consequently, f(vrvs) =00 & {1,2,3,y,z}.

Therefore, b = x = 4. This completes the proof. O
W 5 U2 2 Us a
4 3

2 6 1 3 Y b

Vo V1 V2 V3 Vy Vs Ve (¥t

T T
Y 1 c
Uus Uy Us Uy

Figure 8: In G231 n4ms,...n., labels a and b are forced to be 4.



Theorem 10. The following graphs have strong chromatic index 7:
a) G2,3,1,n4-
b) G2,3.1.1,n5n6,...n, With 1 >5.

C G2,3,1,3,n5-

(
(
(c)
(d) G231.32n6m7....n, With 7> 6.
(€) G2.31.3 4

(f)

f) G2313.42n0n8,...n, With T >17.

Proof. For each case in the following, we suppose to the contrary that the given graph
has strong chromatic index 6. Let f be a strong 6-edge-coloring for G. We shall derive
a contradiction for each case.

(a) By Corollary 5 we may assume that ny < 2. By Lemma 9, f(ugurin,) =
f(v7vg), which contradicts the fact that the edges uguz4,, and vyvg are within distance
two apart.

(b) Since ny = 1, by Lemma 9, f(ugus) = f(v7vs), which contradicts the fact that
the edges ugus and v;vg are distance two apart.

(c) By Corollary 5 we may assume that ns; < 2. By Lemma 9 and Corollary 5,
f(usuio) = f(vrvs) = f(ugu104ns). For the case ns = 1, this is a contradiction as
uguip and ugvy; are of distance two apart. For the case ns = 2, by Lemma 3 (i),
f(uguip) = f(v11v12), and so f(vi1v12) = f(ugvi2), a contradiction.

The proofs for (d), (e), and (f) are similar. We leave the details to the reader. [

An immediate consequence of Theorem 10 is that for every integer k > 7, there
exists G € Gy with x.(G) = 7. This gives infinite counter examples to Conjecture 3.

4 Special Families

We apply the results and methods established in the previous sections to completely
determine the value of x.(G) for several families of graphs G in Gy.
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Corollary 11. For m > 1, we have
9, m=2;
X/S(Gl*m) = 77 m = 47 6;.
6, otherwise.

Proof. For m =2, as G1; = G5 and x,(G2) = 9 [18], so the result holds. For m = 4,
G = Gz,z SO X/S(G1*4) =T.

Because G3 = Gi,3 and x,(G3) = 6, so x4(G1.3) = 6. By Corollary 8 (letting
ny =ng =---=n,_; = 1) and Figure 7 the result holds for m =5 and m > 7.

It remains to show that x.(Gi.) > 6. Assume to the contrary x.(Giw) = 6. As
G166 = G2,1,1,2, we may let f be a strong 6-edge-coloring for G 12. Without loss of
generality, assume f(vou) = 1, f(vovy) = 2, f(vous) = 3, f(uiuz) = 4, f(viuy) = 5,
and f(vive) = 6. Then f(voug) =3, f(vevs) = 1, and f(usus) = 2. These imply that
{f(vsv4) = f(vsus)} = {4,5}, so f(vsus) = f(vouy) = 6. By Lemma 3, it must be
f(vgv7) = 6, which is a contradiction as vgvr; and v4us are distance two apart. O

Corollary 12. For m > 2, we have

7, m=2;
6, otherwise.

Xo(Gaxm) = {

Proof. At the beginning of Section 3, we have learned that x,(Ga2) = 7. Figure
6 shows a strong 6-edge coloring f for Gs.2. In the following we define a recursive
strong 6-edge coloring for Gy, m > 3.

Initially, let the coloring in Figure 6 be f;. Suppose we have a strong 6-edge
coloring fy, for Go.m. Extend f,, to a strong 6-coloring fy,41 for Gaxm41) by:

fma1(ww') = fr(ww') if ww' € E(Gawm);
fm+1 U2m+1U2m+2) = fm(uzm—1U2m);

fm+1 U2m—2U2m+1) = fm+1(U2m+2U2m+3) = fm(U2m+1U2m—2);

(
(
Je1 (UzmUzmi3) = frs1 (Vami1Uomy1) = fin(Vami1tiom);
fm1(Vami2uzmr2) = fn(Vam—1V2m);

fmt1(Uami1uomia) = fim(vamuam); and
fmi1(Vami3uzmr2) = fn(Vamvam+1).

It is easy to check that the above is a strong 6-edge coloring for Go,(;m41). We shall
leave the details to the reader. O

11



Corollary 13. For m > 1, we have

7, m=2,4,6;
Xo(G3em) = {

6, otherwise.

Proof. We first consider m # 2,4,5. Since x.(G3) = x.(G5) = 6, by Observations
1 and 2 we have x.(G131) = 6. By Corollary 5, we get x.(Gs33) = 6. Hence, the
result holds for m = 1, 3.

Assume m > 6. If X.(G234(m-1),2) = 6, then by Corollary 5, x%(Gasx(tm—-1)4) =
Xs(G13x(m—2),1) = Xs(Gsxm) = 6. Hence, it is enough to find a strong 6-edge-coloring
Jf for G2,3*(m—4),2-

In the following we let f(vouy) = 1, f(vov1) = 2, f(vous) = 3, f(uiuz) = 4,
f(viuy) = 5, and f(vivy) = 6. Consequently, by Lemma 3, f(vovs) = f(uqus) = 1,
f(ugug) = f(vrvs) = 2, and f(ugvs) = f(vavs) = 3. Since f(vsvg), f(ugug) # 4, so the
color 3 has to be used in the 4-cycle (ugu7v7v6), it must be the case that f(vruz) = 3.

Assume m is even. Let m — 4 = 2k. Define f(vqus) = 4, f(usus) = 6, and the
remaining by the following recursive process for 1 <t < 2k:

Floswss) = { Fvsuytigi—2) il is even,

f(v3i—3v3s—o) if t is odd.

oy = { et
e = { {0 2
I sl B

By Lemma 3, the colors for the remaining edges are fixed. It is not hard to see that
[ is a strong 6-edge-coloring for Gg 3.(2x),2. See Figure 9 for an example.

Assume m is odd. Let m—4 = 2k+1. Let f(vsva) =4, f(vsus) =5, f(usug) = 6,
and f(uqvg) = 2. For 2 <t < 2k, define f by the following recursive process:

12



Fusvsisr) = f(v3i—3v3t—2) if t is even;
s B f(U3t_2’lL3t_1) if ¢ is odd.
B f(ugi—ougi—1) if t is even;

f(v3tu3t) B { f(’Ugt 2U3t— 2) if ¢ is odd.

_ f(vgi—qus—1) if t is even;

f(u3tU3t+1) B { f(’Ugt 2U3¢t— 1) if ¢ is odd.

F(ospartigess) = f(us—ovsi—o) if tis even, t # 2;

s B f(U3t 1U3¢t— 1) if ¢ is odd.

Note, for t = 2 in the last case above, f(vyu;) = 3 is fixed as discussed at the
beginning of the proof.

For t = 2k +1, let f(vek+3ver+a) = f(Uekt1Vek+1)s f(Vektster+s) = f(Uek+1Uekt2),
f (u6k+3u6k+4) =f (U6k+1'U6k+2)> and f (U6k+4u6k+4) =f (U6k+2U6k+2)-

Again, by Lemma 3, the colors for the remaining edges are fixed. It is not hard to
see that f is a strong 6-edge-coloring for G 3,(2r+1),2. See Figure 10 for an example.

4 2 5 o b 4 5}
o B 1 B 3 6 \2
246 o1 o4 o3 o6 o4 22 25 o3 o4 o2 o1 24
o 2 P 6 1 6
3 6 o 1 4 5% 3

Figure 10: A strong 6-edge-coloring for Ga 333 2.

Now consider m = 2. Because x.(G31) = x.(G4) > 6, Corollary 5 implies that
Xs(Gs3) > 6, 50 xi(G33) =T.

13



For m = 4, since x.(G22) > 6, by Corollary 5, we get x’,(G14) = X,(G133.1) > 6.
Use Corollary 5 twice again, we obtain x.(G3333) > 6, so x4(Gs333) = 7.

For m = 5, by Theorem 10 (a), x%(G2311) = X%(Ga32) = 7. This implies, by
Corollary 5, X/S(G47374) = X;(G173737371) = X/S(Gg*f)) =7. U

Acknowledgments. The authors thank the referees for their prompt reports with

many constructive suggestions.
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