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#5First order and

Suppose you
have a first

order equation
of the form

:

M(x, y)+xy)
- y = 0

-

-/
expressions
with x

and y

EX:[2xy + (x- 1) y= 0
- -

M(x, Y)
N(x, y)



Suppose also that there

exists a function f(x , y)

where

= M(x , 3) and E =Nx
-

Ex: 2xy + (x2- 1) y
= 0

-
u

FM(x ,e)
N(x,y)

Let f(x,y)
= x-y-

Then,

E = 2xy + 0 = 2xy
= M(x,y)

E = x= 1 = N(x , y)

-



Suppose = M(X,), = N(X,
Then,

M(x ,y) + N(x , y)
. y= 0

becomes -
af - = 0
- + Edx
-

Math 2138
-

f(x
,
3) is

a function
of X

-X

· factiony = y(x)
is

chain rule
:

of (x) +df
=
2x
*---

dX of d
-

= E(1) + 2 dX--X
af dyIf --

= -

2x

+
ay dX



Hence, +
becomes o
So
,
for example the family

of

curves given by
f(x,y)=

wherec is a constant
will

-sust
= N(X,Y) ,

then the
equation

f(x,y) = c
where a

is any

constant will give
an implicit

solution to

M(x, y) +
N(x , y) - y= 0



If such an f exists then

we say
that

M(x ,y) + N(x ,
y) - y = 0

anexact
eautras

(xxy + (x2
1)y = 0

me

M(X,Y) N(X,Y)

Let

f(x ,y) =
xy - Y

We have

iSe



Thusy Xy-y = c*=

Where < is any

constant is an implicit
to 2x + (x= 1) y= 0solution Y
-

--Check #
Suppose xy - y = c.

Differentiate both
sides with

respect to x to get
:

I

2xy + x 2 y - y = O
w -3deSu

,

dx
* ·iron

2xy + (x- 1)y= 0
X



#2-S We can actually solve for y
in our solution xy-y

= c.

We get

y=
Let's check if

it solves

We have
the equation .

- I Sy =
c(x= 1)

y= - c(x
-1) (2x)

- 21X
= -

(x= 1)

Plug this into
the ODE to get

2xy + (x
=1)y'



=E+(xit
Y

- 2(X

= +

T
= 0

& solves
Thus, y=S
2xy + (x2 1)y= 0



Whendoes such an f exist ?

Theorem Let M(X ,3) and
N(x ,2)

-

be continuous
and have

continuous first partial
derivatives

in some rectangle
R

defined by acxb

and < Xd
. R

Then, ·M(x ,y) + N(x,y)y = 0 -
will be

exact

if and only
if

Tea#
roof: See notes if interested

.



# Consider the previous

equation
2xy +

(x= 1)y = 0
-
- N(X ,Y)M(x ,3)

We have theseareeous
M(x, y) =

2xY 3 everywhere

N(x ,y)
= x- 1

And

I = zy =2x]continuous
=2x = 0 everywhere

by

#R entire
xy-plane



And,

S
Thus
,
2xy + (x

= 1)y= 0

is exact,
that is there

exists f(x , y)
where

=M(x ,3)
and E = N(X,3)


