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EntopicI continued ..

# Let's try to find a solution

to the initial-value problem

d F y2-[=Effi
W

·interconditiony(0) = 1

Last time we saw
that

↓ (where c is a constant
y = C - X

Z

solves ↓ = y -
dX



Let's try to solve y(o
= /

using y =
+ -

C - Y

We would get
I

1 = y(0) ==o

So,

1 = E
y = x

MusiSo,
↓ &

y = 1 - X

solves the initial-

value problem



2-Firstorder ODE theory

Let's discuss first order

ODEs of the form

iwant Yy = f(x, y) solve

you
want the[~y(Xo) = Yo F graph
of

to pass u
throug

yo
(X0

-

Exi Considerzy = 2x)[y(0) = 1



Let 2

g(x) = eY
2

Then,

g'(x) = (e
* )(2x) = 2x

So,

g'(x) = 2xg(x)
So
, 9

solves y'= 2xy.
Also, g(u) = e

* e= 1
.

Thus,

⑰g(x) = 2
solves 2xy, y(0) = 1

.



It turns

Out that

g(x) = ex

solution to .is the only

y = 2xy
y(0) = 1

--

Ex : Consider the
initial-

-

value problem

⑫



Solution Ii -
-

Let ↓ Y ,

y ,
(x) = 0=

for all X -

Then ,

d = 0

Also , 42

xy" = X : 0 = 0 .

"2
So , = xy-

W
L O
O

Also, y , (0)
= 0 .

So
, y , solves the problem.



Solution:ya(x) = +x
EQUAL

Then
, 12(x) = x

And 7
xy = x(+-x)"= x - (x= Ex

So, Y2 #e = XYz
And

Yz (d) = +(0)"= 0.
Thus , Yz So les

'12

Y
' =
X YEY (0) = 0



More

i

solution

are an infinite number

of solutions to this problem.

For example , you
can check

that

E
8 if X < a

y(x) = xi x
is also a solution

I Y
for any number
a >, 0. x



Are there criteria that ensure

that the problem

= f(x ,y)

y(xd = Ye

has a solution
and its unique ?

Answer : Yes



Theorem (due to Picard [1856-1945)
-

Let R be a rectangular region

in the xy-plane defined by

a = X = b and
c = y = d

[its ok if some
of a,b , cd are

= *]

that contains
the point (voYol

If f(x ,Y)

and I
24

are con finvous#Tin R , then S a
there exists

an interval
I

centered at X · and
a

unique function y(x) defined

on I that

satisfies



=* f(x
,
3) -· (X0

, Yd=y(X) = Yo
-

Ex: Consider

& = 2xy =  =2xy[-y(0) = 1 d= (0 , 1)

We have

+ (x, y) = 2xy s!everywhere

= 2x firs!
everywhere /



Let R be the entire xy-place .

An infinite rectangle e.

By Picard's
theorem there rigis an interval

T around Xo= 0
-

and a unique solution y(x) to-

the problem On that interval .

Here is the answer:

y(x) = ex ↳& Co, 1)

2

Xo= ↓I = - ,d)


