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# Let I = ( - , d) .

5X

Let f , (x) = e
*

and f(x) = e

-

-in↓ I -

Let's show that
f
,
and f

are linearly
independent on I.

Why ?

Suppose f,(x) = cfz(x)
on I.

e = for all X in I .Then Ce

Then X = 0 gives 1 = C
S

And X = 1 gives e = Ce



which gives e
=

C
.

- >

But then 1 = c = e
L

~ 0 . 049787...

This can't happen !

Similarly you can show that

there is no c where

fz(x) = c f , (x)
on I.

Thus
,
f
,
(x) =e and felx = eY

are linearly independent on
I

.

-~m

We will now learn
another

way to check for
linear

independence on I.



It's a method named

after Josef Wronski (1778-1853)

---

&ef : Let f , andfo be

differentiable on an interval

T The Wronskian of fi
-

1 -

and fc is the following

determinant

fi
Wifitz) = It = fite fut !
u
this is called
a determinant



O-
fi(x) = zeY, fi(x) = SesY

2x

Wifisfu) =/x
= (eY(se*) - (eY(zY

Sx + 2x

= Sg(x
+x

- 2e

= 37X



-

Theorem : Let I be an
-

interval . Let ficte be

differentiable on I .

If the Wronskian Wifisfal

isAt the zero
function

on I ,
then fi , fe are

linearly independent on
I

.

-

That is ,
if there

zerp

=exists some point function

Xo in I
where

~

Wifisfal (Xo) +
0

then fi , te are st weficfl(X)linearly independent



= Let's show f, (x) = e
**

and fz(x) = e
5X
are linearly

independent on I=(-A , 1)

Using the Wronskinn.
7X

We saw WIf , fe) = 3e Wifisful

1 1

=uF(0⑨ Izero fraktion I 0 = Xo> /111614

~
~

7X

The Wronskian W(fisfel
= Se

is not the zero function
on
I.

For example at Xo = 0 we get

W(fitz) (0) = 3e 3 . e = 3 + 0

Thus
,
fisfe are lin .

ind
.

On I.



]Merem [linear , homogeneous , 2nd ordes
Let I be an

interval ,

Let az(x) , a , (x) , Go(x)
be

continuous on I . Suppose
--

az(x)#0 for all X in T

the homogeneous equationConsider

xy"+ a , (x)y' + a . (x)y
= 0(k)
L

Suppose homogeneous
is this 0

· f , (x) and
fa(x) are [

linearly independent
on I,

and
·
f
,
(x) and fa(x)

both

solve ( * )

Then every
solution to (* )

on I is of the
form



Yn = c , f , (x)
+ (f(x) + Yh

homo-Lwhered, G are
cons tants . - eneous
-

u
-

EX i Consider the homogeneous
- -re

2nd order linear ODE

E S-
y" - 7y + 10y = 0

on I = ( - x , x).

Let f , (x)
= e* and

5 X

f(x) = e.

We know that
f
,
and fe

are linearly independent on I.



Let's show they both solve

y"- 7y1 + loy = 0

by plugging them
in

We have : 5X
2X

f
,
(x) = e fc(x) = e

5X
2x

fi(x) = 2e fi(x) = Se
SX

f ! (x) = ye
*

fz"(x) = 25e

Thus,

fi-7fi + lof ,

= Ye
*

7(ze
*) + 10(e

*

Y)

= Ye"- 14e
**
+ 10e

*

=O

So
,
f
,
Solves y"-7y'+ 10y = 0

on I.



Also

f2-7f2+ 10fz 5X

=
25e-7(5

Y

) + 100
5X

= 25e *-35e
*
+ 10e

= O

So
,
fo solves y"-7y' + 10y = 0

on I .

Since fisfe are lin, ind , on
I

and they both solve the

homogeneous equation we

know any solution to

y"- 7y + 10y = 0 is of u

2x

the form

W(n= < f , + ( fr = c ,
e + Ge



-

(General linear 2nd orderTheorem :

Let I be an interval. Let

az(X) , a , (x) ,
ao(x) , b(x)be

continuous on I and az(x)
# 0

for all x in
I.

Consider

az(x)y"+ a ,(x)y+ as(x)y
= b(x)

·Suppose f , and fe are
linearly

independent on I and
both

solve the homogeneous
equation

ac(x)y" + a ,(x)y + ad(x)y
= 0

· Suppose Yp is
a particular

solution to

a
,
(x)y" + a , (x)y + a . (x)y

= b(x)

TUn -

Then
, every solution

to



az(y)y" + a , (x)y + Go(x)y = b(x)
on I is of the form

=
+ (2 f(x) + yp(x)
u

In Yp

where , are constants

-
-

Ex: Consider

y" - 7y' + 10y =
24eY

un I
= ( - x , b) .

24 and
We know

f
,
(x) = e

s
are lin .

ind.
fa(x) = e

solutions to the
homogeneous

equation y"-7y' + 10y = 0



on I.

Also if Yp =
Ge

This is a particular
solution

to y"-7 y'+ loy =
24e
*

because

yp- 7yp + 109
=Ge- 7(be) + 10(be)

= 24 ex

Thus
,
the theorem

tells that

solution to y"-7y'roy =24e
Y

every
on I

is of the form

y = 3n+ yp
= ce+Ge+ Ge
- L

Yh Yp


