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Topic 3- First order
linear OD EsJ

A first order
linear ODE

is an equation of
the form :

a
,
(x)y + a .(x)y = g(x)

If we are considering
an
interval

& where we want to find
the

solution and
a ,
(x) #0 for

all X in I ,
then we

can divide through by
a
,
(x)

to get

y + a(x)y = b(x)



where a(x) = 9 x) and b(x) = 9(x)
a , (x) a

, (X)

This is the kind of equation
we will solve.

=

e want to solveSuppose

Ea(x)y= b(x)(* )
on some

interval I where

a(x) , b(x)
are continuous

on I. Exi b(x) = X
M

Since a(x)
is y+ 2xy = X
I L

Continuous un
a(x) =2x

an
anti-derivati.F2xdx= xwe can

create



A(x) =Ja(x)dx on I

So
,
A'(x) = a(x) .

A(x)

Multiply (*) by e = IntegratingR
to yet :

factor (

eA(x)y(+*
| ! a(x)y = eA(x b(x
-

/

(eA(x(y)
(fg)) = fg + f g

So we get
I

(e
** (y) = e

** b(x)

Let B(x) =Se
#| b(x)dx



be an anti-derivative

of eA(Xb(x) .

So by integrating we get

C

A(x)

y
= B(x) + C

where C is a
constant

Thus , - A(x)
- A(x)

y =
e - B(x) + Ce

So y must be of
this form

reverse the
Since you can

function of

steps above any

this form will
be a solution

and this is the general solution.



#: Solve

y + 2xy = X

on I = (- X, D) .

'

*y y
= x

Let A(x) = S2xdx[
=
X2

Multiply by eA* = e
*
to get :

2
2

X

x 1 X
= e- X

ey + e . zxy
-

2

& ex

This gives 2
↓ X

(e
* y) = xe



So,

e
*

y
= (xe
*
dx

Thus,
2

X

eye
*
+ c

&Sxe
*
dx
#
Sedu
2

= te+ C
u = X

du = 2xdXE - tec
E du = xdxJ

Multiply both sides by
*
to get



- x2 X
2 2

X
2

- X
2

te t Ceeey =

-u

I I

X Y 2

-x x -x + x S&Ce = 2 = e = 1

We get 2

- X[y = z + Ce
This is the

general solution
to

y+ 2xy = X

On I
= ( - D , b) .



Ex: Let's solve

y + cos(x)y =
sin(x)cos(x)
-
-(x) = cos(x)

on I = (
-

,
b)

.

Let A(x)
= Scos(x)dx = sin(x) .

Multiply by eA(x
sinx to get:

Sin(y/
Sin(x
(os(x)y = gSiv(x)Sin(x)(o(x
-

(eA(x)y)/
We get

sin(x)y)) = gin(sin(x)cos(x)(e



So,

gin(x)y Sysin(x)sin(x)cos(x)dx
sin(x'

Sink(cos(x)dX
=

Se

& IS et . Adt =Stetdt
#
-

t = sin(x) = tet-fetdt3dt = cos(x)dx ↑

EtI dr = e
-dt

I eur-Sudn I
= tet-et + CI sin(x)

-

Sin(x)
+

I = sin(x)e
CJ



So,
sin(X
C 'y = Sin(x)eSin(x)

sin(x)
+ C

Thus,
-
sinx iii-y = Sin(x) - 1 + Ce

is the general
solution.



Ex: Solve
M

I

xy + y = 3x +1
on I = (0 , x)

Divide by X to get

y + ky =
3x+
-

L defined- aren't
a+ X

= O .

why

Let A(x) = S * dx So thats
solve

we will

= In(x) . for X >
0

We multiply by
[
orl = (0, x)

A(x)
-

(n(x)
= X

C

to get



x(y'+(y) = x(3x+ * )

that is

xy + y = 3x + 1

This is
I

(xy) = 3x +
1

~

(e
** y)

Integrate both
sides to get

xy
= f(3x + 174x

So ,

xy =
x*+ x + C



Thus ,

=- x+ 1 + z)
is the general solution

to xy' + y =
3x + 1 on I

= (0,a) .

-seem-

Ex : Solve the initial-value problem
-

xy + y = 3x
+ I[y(1) = 2

on I
= (0 , x)

We saw
that the general

sol

to xy' + y = 3x +
1 is



y = qx + 1+

WeWant y (1)
= 2. 8

Plug in X = I , Y = 2
into to get

2 = y(1) = (1) + 1 + q

So,

2 =
+ C

So,

↓ = C
4

Thus,
the solution

is

(4)
y =
x + 1 +

x

ov-x+ 1 +m)


