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Theorem (Division algorithm
-

Let a,beX with b > 0.

Then there exist unique

integers q
and r where

a = qb + r↓
and Or

< b

proof :
-

First the
existence part

.

Define

-xb)x2and a - xb30]

Ex: a = 10 , b = 3

+ = [10 - 3x/xe2 and 10 -3x202)



a - 3b = 10 - 3 .3 =1
a - 2b = 10 - 2 . 3 =4E

So
,
IET and 4-TJ

T is infinite

Elega: We will find
ther we

want inside of
T

.

Claim: T is
not empty

Poclaim :

ase1
: Suppose a = 0 .

Then , if
x = o we get

a - bx = 0 - b . 0 = 0ET

age: Suppose a >0
.



Then set X = -1 and get

a -bx=bT
70

use3 : Suppose a
70 .

StXzand geET
-

958 b>
- 2b1 - 2

1 - 2b = -1

1 -2b < 0

Summary of cases
is : T is

not empty

Tim



So
,
T is a non-empty set

of non-negative numbers .

Thus
,
I must contain

a

smallest number,
call that

number r .

So
,
ret for all

tET.

SincereT we can write

r = a - bq[Fusing
Thus,tr
Is Or < ba
We already know 20 since reT.



Let's rule out bar .

Suppose bar .

Then or-b .

Also ,

r-b=
= a -b) ET

X

Thus
,
r-bET.

But then Or-br
⑳

But w is the smallest element

of T .

We can't have



r-bET and r-b < r.

Contradiction ,

Thuseb

Thus , there
existq,r

with

a = bq+r and
Orb .

/uniqueness
Suppose

and a = bq + r
a =bq+ r

where Or
<b and Orb .

Let's show this
implies,

that q = q' and
r = r.



WLOG (withoutGossotiny
assume r'= r.

subtract a=btr' from =qb +

to get

0 = (q - q(b + (r - r)

We get

(q q)b = (r - r)

So
, b1(r-r) .

Also
,
Otr'= r > b.

suntrmemtet)



↓ &

0 =r-r> b
=r' b

So
,
blCr-r') and OCTrb .

This can only happen if r
-r= 0

So
,
r = r' .

Plug r-r
= 0 into

0 = (f -q(b + (r - r)

to get

0 = (q-q')d
60

So
, q-q= 0.

Thus
, q =q



Herrem: Let a
,
be

j

not both z210 .

Then there[exist Xo,Yo & with

gcd(a , b) = aXo
+ by

prot: Define

S = Gax +by)x, y=3

=Sab . 0, A 50b , 000
X = 1

, y = 0
X = 100, y

=
- So

Note that

a = a(l) + b(0) ES



- a = a)- 1) + b(0)ES

b = a(0) + b(i) ES

- b = a(0) +b) 1)ES

So
,
a
,
- a
,
b
,
-bES.

Since a and b are not
both Zero

this implies thats
contains

a positive integer
.

So
,
I must contain asmallest

positive integer , call
it d.

Since deS we have

d = aXo + by .

where Xo , YoE I.



Let's show that d= gcd (a ,b)
and we are done.

First let's show d is a

common divisor of a &
b.

Let's show that dla .

By the division algorithm

we get q , reX
where

a = dq + r

and Ord .

Note that

r = a
- dq

= atbyof



X0q)+ b)- 309)
is of form axt by
where X

,yEI

So
,
reS .

But Ord and res

and d is the smallest

positive element of
S.

Thus , r = 0.

So
,
a = dq + r = dq

So
,
da,

Similarly you can show that dlb.

So
,
d is a common

divisor

of a & b.



Why is d the greatest positive

common divisor of
a b ?

positive
Suppose d' is another" common
divisor of a and b.

That is , d'la and d'lb.

Let's show that d'Ed.

Since d'la and d'lb

we get a = d'k
and bed'l

Where R
,
leX.

Then,

d = aXo +by

= d'RXo + d'l Yo

= d'[kXo + ly .]



So
, d'Id .

So
,
d'Id and d's0 and d > 0

this by a previous theorem

we get d'Ed .

So
,
d = gcd(a , b).
--


