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Ex: Let's illustrate the

next theorem with an

example .

Let p = 13.Minine
Check out what happens when

we multiply all the elements

of Zin = &T,
2

,
3

,
4

,
5
,
5

,
E
, ...,

Th]

together .

T! = T . 2 .5 . 4 . 5 .5 . F . 5 .9 . To -T .

= T . (2 .E) (5. 5) (FT0)(55)(6. T . E
manu

-- I--S
thesearethesI in
their own

&



= T . T . 27 .o
.0 . 56.

T 1318-65

= T . T . T .
T . T :T . E T

(mod13)=R
So in 25 we get2 ! =

or 12 ! = -1 (rood 13)

#Theorem(Wilson's theorem
Let p be a prime.

-
-

in ZThen
,
IFl ! = P-1 = -1

FX(p - x ! = - 1(mudp)



roof:

If p = 2
,

then
-

-

To- 1) ! = 1 ! = T =
- 1

in 2 = ETY

Let p
be an

add prime.

-Then,themselves

T and of are

their own inverse

-So

,!Tic. . p -1

every element
in this range

cancels

out with its inverse



= T . F on
= ⑫-

=

= I B-
Recall when p is prime

then one of three cases holds :

· p =
2prime

· p = /(mod4) James· p = 3 (nod4)

Emod411 = 3 (mod4)



Threem: Let p be a prime.

If p = z or P=l(mod4) ,

then there exists *-E
-

with = = -1

-Ex: p = 13 is prime L
13 = /(mod4)
Let

=T . 5 .54(p
-1/2 = 6

~tit
*13

Then,

* T . 2 . 5 :4 . 5 .5.
numbers

= T . 2 . 5 :4 . 5 .J . F . z. . .5 .

=TiziiFETTo. 5 : F



= T .[ .5.4.5.:5 . To .TT

= T!
-

= - I ⑮on! &a

Note : T=5

So
, 5=I in%3
seem-

ofof theorem :

-

When p = 2
,

let * =

Than= T= T = = in 22

Let p be an odd prime

where P=l (mod 4) .

Then
,

4/(p-1).
So

, p-1 = 4k where Re



that is
, p

= 4k+ 1.

Note=Im is even

Let

... (*)

(p-1/2 terms

Since there an even number of

terms in (A) we have

T = F . ==3 ...D

Also , note

Fk =
=

Tin Z *
* -Thus,

-

*= Tziz... ...... []
I



= This......t
F

= T .Zou
=To!

⑮-

F
#
-



Therem: If p is an odd

Prime with pE3(mod 4)

then there is no -***
with=.

ortse there is an **

with=
F.

Since p = (3mody) we can

write p
= 4 R + 3 for some REI.

Then ,

-
*

= y4k+ 2

= (y)mz

=
T. Fl = =

=T



We will see later a theorem

by Fermat that says

XP = T
.

This is a contradiction.

since TEF in Z since PL2 .

~

do there is no such *


