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①Ca)

Note that both E- I and since I

are analytic at ZEO
.

Their power
series expansions

there are

E- I = - Ite =
- It (Htt + ZIT .

. . )

= 2- ( It# t }÷t . . . )

= 2- 9. ( Z )

where q (01=1 tf,
t t . . . =/ ¥0 .

Thus
,
et- I has a zero

of order
I at ZEO .

And about 2-0=0 we
have

sin Czk Z
- I.+2¥ - ¥, ti . .

= z ( t - +ZI - ¥, t . . . )

= z adz)

where eco) = I
-o÷tf÷ - 0¥, t . . . -- I ¥0



Thus, since) has a zero oforder I

atz. =0.

Since et 1 and sin(z) are bothanalytic

and they bothhave

zeros of order 1 at
z =0, by

a theorem fromclass

f(z) = its
has a

removable singularity
atZo

=0.

Thus, Res(f;0)
=
0.

Ifyou wanted toyou
could also

write

El
_

+...)_(+..)
sin(z)(z -+E,-..) ( - ! +I" -...)

and then dividing denominator into
numerator to

find thepower series expansion atZo
=0.



① (b)

Methodic
f- (z ) = e¥ =

9¥
h ( Z )

where g
(2-1=1 and

hCzI=eZ- I .

The numerator
satisfies g (01=1

to .

The denominator
satisfies

h(0l=eEI= I -1=0 .

Also,
htt ) --

et- l is analytic
at 2-0=0

with power
series expansion

hCzI=eZ- I =
- It (Hzt

+ ZIT . .
. )

=
Zt II. t t . .

.

= 2- ( it E. t #
t - - -) = Zoe (

El

Fette)

where g (z)
is analytic

at to
= O and

a Co ) =
It F. t t

. . .
= I to



So
,

f- ( z ) =¥ where the numerator

has no zero
at 70=0 and the denominator

has a zero
at 70=0 of order

1
.

By a theorem
from class,

f- has a pole of order 1
at 2-0=0

And

Res (f ,-01
= Lingo (z

- o) flat

Z

= fins.
Z

= lzinozq
=
Iim at
2- → 0

I
= ¥:t÷= 'T =L .



①(b)

M
f- HI --¥Here we have

and the
numerator is not 0

at Z. -- o

but the
denominator is

,
ie E- 1=1 - 1=0 .

So we will
have either a pole

of order m

at Zoe o
or

an
essential singularity

there .

Lets divide
the numerator

by the

denominator
to get the

Laurent series

at Zo = O .

We know
EZ- K - It

( It +E. t fit .
. .)

= zt ZIT #+ Eat . . .

Thus,

]



⇐EtIz÷+ . . .)j±
- ( I + Et +EH . . .)
-

- E - E - E
.

- . . .

- f -¥ - E - . . . )

t¥
- ( Izz 't . . . )

JresSo
,
in a deleted neighborhood

of Zo
'

- o we
have

ffzl = e¥ = ¥ - It ¥
2- t . .

.

So we
have a pole

of order I

with Res ( f ,
- O ) =/ .



① (d f- (zl=Ez at Zeo

Note that
the numerator ztz

has

no zero
at Zo = o since 0+2=240 .

The denominator has
a zero

at zo=o

since
02-2.0=0 .

It has a

Zero of
order I since

ZZ- Zz = Z ( z
-2) .

T Fo at Zo '- o
Zero

oforder
1 at O.

So we will
have a simple pole

at

2-0=0,
ie a pole of

order I .

Another way
to see

this is to
notice that

HH=E = = 9¥

Where celek 7¥ is analytic
at 70=0

and 961=8 = - Ito



So
,
we have a pole of order I

at 2-0=0 .

Furthermore ,
from a theremin

Resff,-01--9101=-1
. J
-
hm: Suppose f has a pole

of

order
at Zo and f- (zl= ¥

m (z -Zo )
'm

is some deleted
neighborhood of Zo

and 9 is analytic at
Zo and 9170140 .

If m=l,
then Res (f,- Zo 1=9

(Zo )

If m> 2 ,
then Res (fjzo ) = 9hol

(m- l ) !

-



① (d )
=p

- { 13

÷÷¥÷÷÷Eiici¥ii÷""
Let D= DCI ,-2 ) .

Let ZED ( b- 2) - { I } .
Then, ez e

't

Hzt=¥= Ft
CZ

Fili . IIIa=
-

where plz ) is analytic
at z . =/ ,

indeed in all of D .

And @ (1) FO .



By the thin in class (which is also

written down in the solutions
for

problem 1cal ) we have that

f- has a pole
of order 2

at Zo =L and

Resff,- 1) =
9
" - " ( i )
¥1

a'" ( it
=

9411

Note that qyz ,
=

t¥eZ
( 2- tl )

"

So, Res ( f ,-11=9411
=e#¥te

'

( It 1)
4

= 4ez=O



① 'e' fc⇒=f÷i=¥
where q is

analytic at
-20=1 and

q( 1) = e'
'

to .

By a thin
in class,

we
have a

pole of order
m=4 and

Res ( f ; 1) =
9
"- " ( t ) pay , ,
-

= -

(4 - t ) ! 3 !

We have g
( z ke
"

z

942-1=2ZE

G'
'
( Z) = 2e

't't2z.KZ?2z)--2eZZt4z2etZ
y
' " ( z) = 2.

2zeZI8zeZI4z4e¥zz )
= YZCZ't 8zeZI8z3eZ

'

(f,
-D= 9"=4Che't8Ne't84# = zoe6

G

= e



①(f)

In this case

f-CzI=zZ÷= 1¥,

where gcz )
=
ZZ and

h (2-1=2-4 - I .

Here we
have g

(it = i' =
- I to

-
4
- I = I

- 1=0 .

And hli
) = i i

to

Also, ht
# = 42-3

and so
h
'Cil -- Yik

- 4

So
,
gli ) to ,

wit - O ,
h4iHo .

By a
thou from

class

Zo=i is
a
simple pole

of f

and

Res Cf ,
- 1) =ff = = Ii

= 'T - f -- Iti )
-

-



① (g) If ZFO but near 0
,
then

f-Czk f ""¥IY=f1t¥Y

=f1tI-¥tz÷-¥
. .)
"

Z

=f-¥tI÷¥ Y
-

- f- E. +¥. - Fit " ' )
'

= ¥ ZZ - ¥, Z
"
t . . .

So we have
a
removable singularity

at Zo = O .
And

Res (f ; 01=0



② The singular points of ffz1=e¥

are when
et- 1=0 or e'=/ .

• 6 Iti

These are
located at ↳ . 4.i

z=2tik where
k€2a,• -ziti

Here we
have a -4mi

gfz )

f- ( z ) = HTZI

where gczl =L ,
hcz ) =eZ- l .

And, htzke?

And g ( ZIT
ik ) =) €0) 2tik= 11=0 .

h(ztikl=e"
"II
,
h'(zitik)=e

So, by
a
thin in

class these
are
all

simple poles
and

Res ( fjzitik)
=

9121Tik )

TEE,
=# =/ .



③ The singular points of Hz ) = ¥3

Are when
2-3-3=0 . n

Lets solve
this : Zf, - .

.

Oi I ' Zo

z3=3--3
- e #

I
r

iii.÷: set hi E. f- ÷:&:S
=3

""
e
ki

,

k = 0,1 ,
2 343

=3
"
} 3
"'
e
i

,
3
"
se
i

-
-

- Zz
Zo Z

,

Se
,
Zo
,
Zi , Zz

are the singularities

of f ( Z ) .

Let g (z 1=1 ,
htt 1=2-3-3 .

Then
,
f- ( z ) =
#
h ( 2- I

'

And h 't2-1=32-2 .



Note that

g. ( Zo )= I #
O

h ( Zo ) = O

h' ( Zo ) =3
( 3
"3)
'

=3 . 3%1=0

Thus, to
=3
" is a

simple pole

and

Res (f ,- 3
"3) =

9 ( 3
"s)

h⇒= ¥3

-

Also, g (Z ,)=I
# O

h ( z ,)=0

h'( Z ,) =3 (
3"3ei )
! 3.3%e¥i # 0

So
,
Z
,
is a simple pole

and

Res ( f ,- Z ,
)=9hY=÷se'Ii



We also have

g (za ) t
O

h ( Zz ) =
O

h 't ta)
=3 ( 3

"'e' 12=3.343e
i

= 3.5
"
e
it 0

So
,

we
have a

simple pole at zz
and

Res (f ; za )
=

9¥
h'(Zz)

= 33¥ i



④ Since f, and fz both

have simple poles
at Zo

we know that
there exists

> D

÷:÷:÷÷÷÷i::
are analytic

in D
,

9 ,Gol #
O
,
92C Zo) #O

and for all
2- C- DED

- Ezo}

we
have

Her.¥¥.
and

""

(t ) =
92 (Z )

f- a ¥
'

Thus
,

for ZED
*
we

have

ffifz) (z ) =
9HI9#
( Z - Zo )

'



where 9, (21.92(z)
is analytic

and
in D, is at7

=Z0,

9,(zo)-92(zol 0.

Thus, we
have a pole

of2

atz
=zo

and so,

(19,1719(2))) (z =7.
Res(fiz=--↓

=
e!(Zo) qulzol

+9.(Zo) glzol


