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Abstract

Let G be a graph and d, d’ be positive integers, d’ > d. An m—(d, d’)—circular
distance two labeling is a function f : V(G) — {0,1,2,---,m — 1} such that
|f(w) — f(v)|m > d if u and v are adjacent; and |f(u) — f(v)|m > d if uw and v
are distance two apart, where |z, := min{|z|,m — |z|}. The minimum m such
that there exists an m—(d, d’)—circular labeling for G is called the og o-number
of G and denoted by o4 4 (G). The o4 g-numbers for trees can be obtained by a
first-fit algorithm. In this article, we completely determine the o4 ;-numbers for
cycles. In addition, we show connections between generalized circular distance
labeling and circular chromatic number.
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1 Introduction

For a graph G, the distance between any two vertices u and v is denoted by
dg(u,v). Given G and positive integers d, d' with d > d', an L(d,d’)—labeling
(distance two labeling) of G is a function f: V(G) — {0,1,2,-- -} such that |f(u) —
f()| > dif uww € E(G); and |f(u) — f(v)] > d" if dg(u,v) = 2. The span of f is
defined as min, vev(g) | f(u) — f(v)|. The minimum span of an L(d, d')—labeling for G
is denoted by Mg (G). The L(d,d)—labelings, for different values of d and d’, have
been studied by several authors in the past decade. (See [1, 2, 3, 4, 8, 10, 12].)

The circular distance two labeling is a variation of L(d, d")—labeling by using a
different measurement. Given G and positive integers d and d’ with d > d', an
m — (d,d').— labeling is a function, f : V(G) — {0,1,2,---,m — 1}, such that
|lf(w) = f(v)|m > dif ww € E(G), and |f(u) — f(v)|m > d' if dg(u,v) = 2, where
|z|y == min{|z|,m — |z|}. For any graph G and any d > d’, the 044 —number of G,
040 (G), is the minimum m such that there exists an m — (d, d’).—labeling for G.

In Section 2, we give exact values of o4, —number for trees and o,4;—number
for cycles. Georges and Mauro [3] proved that Ay . (G) = algqs(G) holds for any
graph G and any positive integers a, d, d’ with d > d’. The results for cycles and
trees shown in this article indicate that a similar result of Georges and Mauro does
not hold for circular distance two labelings. That is, there exist graphs such that
Oadaa (G) # acgq (G) for some positive integer a.

In Section 3, we investigate close relations between generalized circular distance

labeling and circular chromatic number.

2 The o-number for trees and cycles

In this section, we give the exact values of the o4 y-numbers for trees for all d > d,

and o4 1-numbers for cycles.



Theorem 2.1 Let T be a tree with marimum degree A. Then for any d > d',

0d,d’ (T) =2d + (A — l)d/

Proof. Observe that for any star G = Ky, 044(G) = 2d + (n — 1)d’. Therefore,
ogaa(T) > 2d+ (A —1)d, since T contains a K; a. So it suffices to find a (2d + (A —
1)d’)-(d, d").—labeling for T'. This can be done by a first-fit algorithm. First, fix a root
of T of degree A, label it by 0 and its neighbors by d,d+d',d+2d’,---,d+ (A —1)d’;
then label the neighbors of these labeled vertices one by one using the labels from
the set {0,1,2,---,2d4 (A —1)d’ —1}; and continue this process until all vertices are
labeled. At each step, if a vertex v is labeled by x, then there are exactly A labels,
{e+do+d+d,z+d+2d,---, 2 +d+ (A—1)d'} (mod 2d + (A — 1)d’), that can
be used by the neighbors of v. Thus, this process produces a valid (2d 4+ (A — 1)d)-
(d,d").—labeling for T. Q.E.D.

Theorem 2.2 For anyd > d', o40(Cy) > 2d+d'. Furthermore, o44(C,) = 2d+d

if and only if n =0 (mod %’Ld/), where r = ged (2d + d', d).

Proof. Observe that 0,4 (C,) > 2d + d', since o404 (K12) = 2d + d'. Suppose
a0 (Cn) = 2d+d and let f be a (2d+d') —(d, d’).—labeling for C,. For any vertex v
of Cy, suppose f(v) = x for some 0 < z < 2d+d'—1, then there are exact two values,
x—d,z+d (mod2d+ d — 1), that can be assigned to the two neighbors of z. Let
the vertices of C),, in clockwise order, be vy, vy, -+, v,. Without loss of generality,
assume f(v;) = 0 and f(vo) = d. Then f(vi11) = (f(v;) + d) mod (2d + d'). Since
f(v,) must be d+d, f is well-defined only when n =0 (mod MT“”), where r = ged

(2d + ', d). Q.E.D.

Corollary 2.3 Suppose d > d', then oyqra(Cy) = koga(C,) = k(2d+d') ifn =0

(mod %*dl), where r = ged(2d + d', d).



It is known [7] and not hard to observe the following inequalities:
A (G) +1 < 040(G) < Xga(G) +d, for any graph G. (*)

To derive the values of 04:(C,,), we first quote the result of Georges and Mauro

3] on Ag1(Ch).

Theorem 2.4 ([3]) Let C,, be a cycle, then

d+2, n=0 (mod4);
Ai1(Cp) =2 d+3, n=2 (mod4);
2d, n=1 (mod 2).

Combining (*) with Theorems 2.2 and 2.4. we have

2d+2, n=0 (mod 4);
2d+1<041(C,) <4 2d+3, n=2 (mod 4);
3d, n=1 (mod 2).

Theorem 2.5 Let C,, be a cycle and let d > 2. Then 041(C3) = 3d; and for n > 4,

2d + 1, ifn=0 (mod 2d + 1);
2d + 2, if n is even, and n £ 0 (mod 2d + 1);
0a1(Cn) = 2d + 2, if nis odd, d <n, andn %0 (mod 2d+ 1);
2d+ 4], ifnisodd, n=2k+1,d>n, andn#0 (mod2d+1).

Proof. It is easy to see that 041(C5) = 3d. For n > 4, because ged (2d + 1,d) = 1,
by Theorem 2.2, 041(C,) > 2d + 1, and 041(C;,) = 2d + 1 if and ounly if n = 0
(mod 2d + 1). This proves the first case in the formula.

To complete the proof, it suffices to claim the following cases:

Case 1 n is even and n # 0 (mod 2d + 1). It suffices to find a (2d + 2) —
(d, 1).—labeling. Let n = 2k and let the vertices of Cy, in clockwise order, be vy, vs,

vz, -+, V9. Define the labeling f by f(v1) = 0; and

| (f(v) +d) mod (2d + 2), fl1<i<k-1
FO) =\ (Flo) + d+2) mod (2d+2), ifk+1<i<2k—1:

and f(vry1) = (f(vg) +d+ 1) mod (2d + 2). Then f(vy) = d + 1 (since f(ver) =
2k —1)d+2k—1=(2d+2)k—(d+1)=d+1 (mod 2d+ 2)). Moreover, f is a



(2d + 2) — (d, 1).—labeling for C,, since the circular difference (mod 2d + 2) between
any adjacent vertices is either d or d + 1, and any pair of vertices of distance two
receive different labels.

Case2nisodd, n =2k+1,n>2 d <n,and n # 0 (mod 2d + 1). Again it
suffices to find a (2d + 2) — (d, 1).—labeling. Let the vertices of Coiy1, in clockwise
order, be vy, vy, -+, vory1. By considering the parity of d, we separate this case into
two subcases:

Case 2.1 d is even. Let d =2m, and x = k —m > 0. If x = 0, define the coloring
f by f(vy) = 0; and f(vit1) = (f(vi) +d) mod (2d + 2) for all 1 < i < 2k. Then
f(vory1) = d + 2 (since f(vgpy1) = 2kd = k(2d +2) — 2k = k(2d+2) —d=d + 2
(mod 2d + 2)). Hence f is a (2d + 2) — (d, 1).—labeling for C,.

If x = 1, define the coloring f by f(v1) = 0; and

| (f(v)) +d+1) mod (2d +2), ifi=1,3;
fvina) = (f(v;) +d+2) mod (2d+2), ifi=2and 4 <i< 2k

Then f(vogt1) =d+ 2, and fis a (2d 4 2) — (d, 1).—labeling for C,.
If z > 1 define the coloring f by f(v;) = 0; and

(f(v;)+d+1)mod (2d +2), ifv=12+1;
fis1) =3 (f(v;)) +d+2) mod (2d+2), if2<i<ux;
(f(v;) +d) mod (2d + 2), if v 42 <i < 2k.

Then f(vory1) =d+2 (mod 2d+ 1) and f is a (2d + 2) — (d, 1).—labeling for C,.
Case 2.2 disodd. Let d=2m +1. Then k >m. Let x = k—m > 1. If z =1,
define the coloring f by f(v1) = 0; f(v2) = d+ 1; and f(viy1) = (f(v;) + d) mod
(2d+ 2) for 2 <1i < 2k. Then f(vory1) =d+2, and fis a (2d+ 2) — (d, 1).—labeling
for C,,.
If © = 2, define the coloring f by f(v1) = 0; and

 (f(v) +d+ 1) mod (2d+2), ifi=1,3,5;
F (i) = (f(v:) 4+ d) mod (2d + 2), ifi=240r6<i<2k.

Because k = m + 2 > 3, so f is well-defined. Furthermore, it is easy to verify that

f(vars1) =d+2, and fis a (2d+2) — (d, 1).—labeling for C,,.
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If x > 2, define the coloring f by f(v;) = 0; and

(f(v;) +d+2) mod (2d+2), f2<i<z—1;
(f(v;) +d) mod (2d + 2), fr+1<i<2k—1

(f(v))+d+1) mod (2d+2), ifi=1,x,2k;
f(vig1) =
Then f(vopy1) =d+2, and fis a (2d + 2) — (d, 1).—labeling for C,,.
Case 3nisodd, n =2k+1,d > n,and n # 0 (mod 2d+1). Let [%1 = ¢. Suppose
041(Copy1) =1 < 2d+q—1. Let f be an [ — (d,1).—labeling for Cy41. Let the

vertices of Co;y1, in clockwise order, be vy, ai, as, - -+, ag, b, bg_1, -+, b;. Without

loss of generality, let f(vy) = 0. By definition of circular labeling, we have

|f(a1) = f(b1)i <1 —2d<q—1
= |fla2) = f(b2)[i < 2(¢ — 1)
= |flas) — f(bs)li < 3(¢ — 1)

The last inequality is true since [%1 = ¢. This contradicts the fact that a; and by are
adjacent.

To complete the proof, it is enough to find a (2d + ¢q) — (d, 1).—labeling for Caj1.
Now we let the vertices of C,,, in clockwise order, be vy, vo, - -+, Vo1 and let d = xk+r
forsome xz and 1 < r < k. Then ¢ = z+1. If r = k, define the coloring f by f(v;) = 0;
and f(vi1) = (f(v;) +d) mod (2d + q), 1 < i < 2k. Then f(vop41) = d + ¢ (since
f(vogs1) = 2kd = k(2d+ q) — kg = —d = d+q (mod 2d + q)). Hence f is a
(2d + q) — (d, 1).—labeling for C,.

If 1 <r < k, define the coloring by f(v1) = 0; and

Fvia) = (f(vi) +d+1) mod (2d +q), ifi=1,3,5---,2(k—r)—1;
HU (f(w) + d) mod (2d + q), otherwise.
Then f(vopy1) =d+¢q, and fis a (2d + q) — (d, 1).—labeling for C,,. Q.E.D.

The result above has also been proved, lately and independently, by Wu and Yeh
[13].



3 Generalized Circular Distance Labeling and Its
Relations to Circular Chromatic Number

The circular distance two labeling is a special case of circular distance p labeling,
p > 1, introduced and studied by ven den Heuvel at el [7]. Given a graph G
and integers dy > dy > --- > d, > 1, an m—labeling f of G, f : V(G) —
{0,1,2,---,m — 1}, satisfies the constraints (dy,ds,---,dp) if |f(u) — f(v)|m > d;,
for all i € {1,2,---,p} and dg(u,v) = i. The minimum m of such a labeling for G
is denoted by o(G;dy, ds, -+, d,); and for the case dy = dy = - - - d,, it is denoted by
oG (dh)?).

The o-number of a graph G is closely related to the circular chromatic number of
G. Let a and b be positive integers such that a > 2b. An (a, b)-coloring of a graph
G = (V, E) is a mapping ¢ from V to {0, 1,---,a— 1} such that |c(x) — c(y)|, > b for
any edge zy in G. The circular chromatic number x.(G) of G is the infimum of a/b
for which there exists an (a, b)-coloring of G. The circular chromatic number is also

known as the star-chromatic number in the literature [11].
Theorem 3.1 For any graph G and positive integer d, o(G;d) = [dx.(G)].

Proof. By definition, x.(G) < ”(%d;d). Since o(G; d) is an integer, we have o(G;d) >
[dx.(G)].

Let x.(G) = p/q, ged(p,q) = 1, and m = [pd/q]. To complete the proof, it
suffices to find an m—labeling f, f : V(G) — {0,1,2,---,m — 1} such that |f(u) —
f(v)|m > d for all uv € E(G). This is equivalent to finding an (m, d)—coloring for
G. Since x.(G) = p/q, there is a (p, g)-coloring for G, implying the existence of an
(m, d)—coloring for G. Q.E.D.

Given a graph G and a positive integer k, the k-th power of G, denoted by G*. is
defined by V(G*) = V(G) and uwv € E(G*) if and only if dg(u,v) < k. It is easy to
see that o(G; (d)*) = o(G*; d), so we have:
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Corollary 3.2 For any graph G and positive integers k and d, o(G; (d)*) = [dx.(G*)].

It is known [9] that x.(C¥) = ——, thus we have:

2]

Corollary 3.3 For any positive integers n > 3, k and d, o(C; (d)¥) = [[nLdﬂ
k+1
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