Math 4570 - Homework # 1

Vector spaces and subspaces

1. Are the following vector spaces? Prove or disprove.

(a)

Let
V=CR)={f:R—R| fis continuous on all of R}

and F' = R. For example, fi(z) = 2 and fy(z) = sin(z) are
in V. Vector addition is the usual function addition defined as
(f +9)(x) = f(x) 4+ g(z) and scalar multiplication is the usual
defined as (af)(x) = a- f(x)

V = R? and F = R where vector addition is defined as (z,y) +
(a,b) = (x + a,y + b) and scalar multiplication is defined as

a o (z,y) = (2ax, 20y).

[Here T changed the notation for the scalar multiplication to ®
since it is different from the usual scalar multiplication.]

V is the set of positive real numbers, that is V = {x € R|z > 0}
and F' = R where vector addition is defined as x & y = zy and
scalar multiplication is defined as a ® x = x®.

[Here I changed the notation to @ and ® to reflect that we are
defining a new plus and scalar multiplication that is different from
the usual one.]

2. Are the following sets W subspaces of the vector spaces V' 7 Prove or
disprove.

(a)
(b)

(c)

(d)
(e)

V=RF=R W={(ab,c

| a =3band c = —b}
V=CF=C W={(ab,c) |

a=c+2}

Z) |a+b+c+d:0}

a b
. d) |ad—bc=0}

V=PR[R), F=R, W ={a+br+cz?+dz* | a =0}

)
)
V:MM(R),F:R,W:{<
(

V = Ms(R), F =R, W:{



) V=PFC), F=C,W={a+bxr|a+b=1i}
3. Let F' be a field. Prove the following.
(a) Let 0; and 0y be in F' where 0; +a =a+ 0; = a and 0 + a =
a+ 0y = a for all @ € F. Show that 0; = 0,.

(b) Let 1; and 15 bein F where 1;:a =a-1; =aand ly-a=a-15 =a
for all @ € F'. Show that 1; = 1.

(c) Let a € Fand dy,dy € F. fa+d; =dy+a=0and a+dy =
d2+a:0, then dlzdg.

(d) Let b € Fwithb #0and f1,fo € F. Ifb- f; = f1-b =1 and

b-fa=f2-b=1, then f; = fo.
4. Let V' be a vector space over a field F'. Prove the following.

(a) For each x € V we have that 0x = 0. Here 0 is the additive
identity of F' and 0 is the additive identity of V.

(b) For each a € F and x € V' we have that (—a)z = —(az) = a(—x).

(c) For each a € F we have that a0 = 0 where 0 is the additive
identity of V.

5. Let V be a vector space of a field F'. Let W be a subset of V. Then
W is a subspace of V' if and only if the following three conditions hold.
(a) 0 e W
(b) If z,y € W then x +y € W.
(c) f ce Fand x € W then cx € W.

6. Let V be a vector space over a field F. Let W; and W5 be subspaces
of V. Prove that W; N W, is a subspace of V.

7. Let V be a vector space over a field F. Let W; and W5 be subspaces
of V. Define the sum of W; and W5 to be the set

W1+W2:{x—|—y|x€W1 andyEWQ}
(a) Prove that W, C Wy + Wy and Wy C Wy + Wh.

(b) Prove that W 4+ W, is a subspace of V.

(c) Prove that if W is subspace of V' that contains both W; and W5
then W also contains Wi 4+ Ws.



