Math 4680 - Homework # 1

Complex numbers

1. For each complex number z, do the following: graph z, calculate z,
graph z, and calculate |z|.
(a) z=1+41
(b) z=—-1-3i

c) z=1%_—7i
(c) 3

2. Express the following complex numbers in the form a + bi.

24 3i

@) 775

(b) (V2 —i)(1—iV2)
142 2—i

(©) 3% T 5

(d) (1—4)*

@ (2415)

3. Find the absolute value of the following complex numbers.
(2 + 44)(1 — 29)
(2—-1)
(3)*
(=3 +1)8

(a)
(b)

4. For each pair 21, 22 € C do the following: (i) write each element in polar
form and graph the polar coordinates, (ii) compute the polar form of
z1 - 29 and graph it.

(a) zi=1+iand zp =21 =1—1.

(b) z1 =147 and z = —1

5. Solve the following equations.



2 .

(a) 22—i=0

(b) 22 +i=0

(c) 20 = —64
)

(d) 22+ (1+4)=0
6. Describe and sketch each of the following sets of complex numbers.
(a) S={z€C|Im(z+5) =0}
(b) S={z€C[:*| = 4}
(c) S={z€C||z—2+1i] <3}
(d) S={z€C—{0}|Re(1/2) > 1/2}

7. Find the real and imaginary parts of the following where z = x + iy

()
(b) 3Zz_+12

(a) z+w=ZzZ+w

(b) zw=z-w

(c) |2]* =22

(d) |zw| = [2||w]

(e) ’5‘:%&107&0.

(f) Show that Re(iz) = —Im(z) and that Im(iz) = Re(z).
9. Prove: For all 21, 29, 23, 24 € C with |z3] # |z4| we have that

|21] + | 2]
= |]23] = J24]]

21+ZQ
23+Z4

10. Prove the following.

(a) Let z € C. z is real if and only if 7 = 2.



(b) Let z € C. z is either real or pure imaginary if and only if (z)? =

22.

11. Let n > 2 be an integer. Let w € C be an n-th root of unity (that is
w"™ = 1) with w # 1. Prove that 1 +w +w? + -+ +w" 1 =0

THE NEXT TWO AREN’T NECESSARY TO DO. Just do them if
you feel like it, or read the solutions to see how the proofs go.

A. (De Moivre’s Formula) If z = r[cos()+isin(f)] and n is a positive integer,
then 2" = r"[cos(n#) + isin(nh)].

B. Let w = r[cos(f) + isin(f)] where w # 0. The n-th roots of w, that is the
solutions to z™ = w, are given by

1n [ (9 27Tk:) _ (9 27Tk‘):|
2k =T cos| —+— ) +smm| —+ —
n n n n

where £k =0,1,2,...,n— 1.



