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Abstract

We give a short proof for Chen’s Alternative Kneser Coloring Lemma. This leads to a
short proof for the Johnson-Holroyd-Stahl conjecture that Kneser graphs have their circular
chromatic numbers equal to their chromatic numbers.

1 Introduction

Suppose G is a graph and p > ¢ > 1 are integers. A (p,q)-coloring of G is a mapping
c:V(G) —{0,1,...,p—1} such that ¢ < |f(x) — f(y)| < p—q for every edge zy of G. A graph
is (p, q)-colorable if it admits a (p, q)-coloring. The circular chromatic number of G is

Xc(G) = inf{p/q: G is (p, q)-colorable}.

It is well-known [9] that for any graph G, x(G) — 1 < x.(G) < x(G). The question as which
graphs G satisfy the equality x.(G) = x(G) has received considerable attention.

Given positive integers n > 2k, the Kneser graph KG(n, k) has vertex set ([Z]), i.e., all
k-subsets of [n] = {1,2,...,n}, in which two vertices A and B are adjacent if AN B = (.
Coloring of Kneser graphs has been a fascinating subject in graph theory. In proving Kneser’s
conjecture that x(KG(n,k)) = n — 2k + 2, Lovéasz [6] initiated the application of algebraic
topology to graph coloring. Since then, this method has became an important tool with wide
applications in combinatorics.

Johnson, Holroyd and Stahl [5] first studied the circular chromatic number of Kneser graphs,
and conjectured that the equality x.(KG(n, k)) = x(KG(n, k)) always holds. This conjecture
has received a lot of attention. Hajiabolhassan and Zhu [4] proved that for a fixed k, if n is
sufficiently large, then x.(KG(n,k)) = x(KG(n, k)). Meunier [7] and Simonyi and Tardos [§]
proved independently that if n is even then x.(KG(n,k)) = x(KG(n, k)). The proof in [4] is
combinatorial, and the proofs in [7, 8] use Fan’s Lemma from algebraic topology. Nevertheless,
both proofs also apply to Schrijver graphs SG(n, k) (subgraphs of KG(n, K) induced by stable
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k-subsets as vertices). On the other hand, it is known [8] that if n is odd and is not much
bigger than 2k, then x.(SG(n,k)) # x(SG(n,k)). So it seemed not of much hope to apply
these methods to completely prove the Johnson-Holroyd-Stahl conjecture.

However, recently Chen [1] completely proved the Johnson-Holroyd-Stahl conjecture by
using Fan’s Lemma in an innovative way. A key step in Chen’s proof is to prove the Alternative
Kneser Coloring Lemma. Assume K, , is a complete bipartite graph with partite sets X =
{71, 22,.. ., 24} and Y = {y1,%2,...,9}. Denote by K the graph obtained from K, , by
deleting the edges of a perfect matching, say by deleting the edges z;y; (i = 1,2,...,q).
Assume K is a subgraph G and c is a g-coloring of G. We say K, is colorful with respect
to ¢ if ¢(x;) = c(y;). Observe that if K is colorful with respect to a g-coloring c, then
c(x;) # c(x;) for i # j, and hence we may assume that c(z;) = c(y;) =i fori =1,2,...,¢q.

Lemma 1 (Alternative Kneser Coloring Lemma [1]) Any proper (n — 2k + 2)-coloring
of KG(n, k) contains a colorful copy of K} oy o, opia-

Note that Lovasz’s result is equivalent to say that for every (n—2k+2)-coloring of KG(n, k),
each color class is non-empty. Chen’s Alternative Kneser Coloring Lemma reveals a more deli-
cate structure of (n—2k+2)-colorings for KG(n, k). Besides its application to the determination
of the circular chromatic number of Kneser graphs, the lemma is interesting by itself. For ex-
ample, it provides a positive answer to a question asked in [3]: Every optimal coloring of a
Kneser graph contains a subgraph H such that the close neighborhood Ny[v] of each vertex
of H uses all the colors.

Chen’s proof of Lemma 1 is rather complicated. In this article, we give a shorter proof for
this result. Before presenting it, for completeness, we show how Lemma 1 is used to settle the
Johnson-Holroyd-Stahl conjecture. (A simple proof of this implication is also contained in [1]

and [3].)

Lemma 2 If G is q-colorable and every q-coloring of G contains a colorful copy of K ,, then
Xe(G) = x(G) = q.

Proof. For a g-coloring ¢ of G, a cycle C = (vg, v1,...,v,-1,v0) is called tight if c(viy1) =
¢(vi) + 1 (mod q) for i = 0,1,...,n — 1, where the indices of the vertices are modulo n. It
is known [9] that x.(G) = ¢ if and only if G is g-colorable and every g-coloring of G has a
tight cycle. The assumption of Lemma 2 implies that every g-coloring ¢ of G has a tight cycle.
Assume a colorful copy of K, with respect to ¢ has partite sets X = {z1,22,...,24} and
Y = {y1,v2,...,yq}, with ¢(z;) = c(y;) =i for i =1,2,...,q. If ¢ is even, then (x1, y2, x3,
Ya, - s Lg—15 Yg) :El) isa tlght CyCIe' Ifq is Oddv then (:Elv Y2, X3, Y4y - - Yg—15Lq, Y1, L2, Y3, T4, - - -
Tg-1,Yq, 1) is a tight cycle. Thus, x.(G) =q. B

The Johnson-Holroyd-Stahl conjecture is an immediate consequence of Lemmas 1 and 2.

2 Proof of Alternative Kneser Coloring Lemma

We use Fan’s Lemma to prove Chen’s Alternative Kneser Coloring Lemma. Let n be a positive
integer and let [—1,1]" = {x € R™:||x||co < 1} be the n-dimensional cube. The barycentric
subdivision of [—1,1]", denoted by sd([—1,1]™), is the simplicial complex whose vertices are



points in [—1,1]"™ with each coordinate 0,1 or —1. A set of vertices form a simplex if the
vertices can be ordered as vy, vo, ..., v so that for ¢ =1,2,...,t — 1, if a coordinate of v; is 1
(or —1, respectively) then the corresponding coordinate of v;11 is also 1 (or —1, respectively).
The simplicial complex sd([—1, 1]") is a triangulation of [—1, 1]". The boundary of sd([—1, 1]"),
denoted by d(sd([—1,1]")), is a triangulation of the (n — 1)-dimensional sphere S"~!. Each
vertex in J(sd([—1,1]")) is a vector in {—1,1,0}" \ {0}". We denote such a vector by a
signed set X, which is a pair X = (X1, X ™) of disjoint subsets X, X~ C [n], defined as
Xt ={i:X(i) =1} and X~ = {i: X (i) = —1}. Let |X| = |XF| +|X|. We write X <Y
if XT CY*Tand X~ C Y, and write X < Y if X <Y and X # Y. Thus a simplex in
d(sd([—1,1]™)) is a sequence of signed sets ) # X7 < Xo < --- < X3.

An n-labeling of d(sd([—1, 1])) is a mapping A: {—1,1,0}"\{0}" — {£1,£2,...,£n}. An
n-labeling A is antipodal if \(—X) = —\(X) for all X. A complementary edge with respect to A
is a pair of signed sets X, Y such that X <Y and A(X) = —A(Y). A simplex X; < Xy <--- <
Xy, is a positive alternating (n — 1)-simplex with respect to A if {A(X1), AM(X2),..., A(Xp)} =
{1,-2,...,(=1)""!n}. The following is a special case of Fan’s Lemma.

Octahedral Fan’s Lemma [2] If A is an antipodal n-labeling of the vertices of 0(sd([—1, 1]™))
without complementary edges, then the number of positive alternating (n — 1)-simplices is odd.

To apply Fan’s Lemma, we shall associate to each proper (n — 2k + 2)-coloring of KG(n, k)
with a labeling for the vertices of d(sd([—1,1]")). Chen’s proof of the Alternative Kneser
Coloring Lemma also uses this approach. The difference between the two proofs is the labelings
associated to the colorings of KG(n, k). Chen’s labeling is the composition of two functions,
including a rather complicated one, while the labeling we use is direct and simple.

Assume c¢ is a proper (n — 2k + 2)-coloring of KG(n, k), using colors from the set {2k —
1,2k,...,n}. For a subset S of [n] with |S| > k, let

c(S) =max{c(A): AC S, |A| = k}.

Let < be an arbitrary linear ordering on subsets of [n] such that X < Y implies | X| < |Y].
Let X\: {—1,1,0}"\ {0}" — {£1,+£2,..., £n} be defined as follows:

| X, if | X|<2k—2and X~ < X™;
—X], if | X|<2k—2and XT < X~
c(XT), if|X|>2k—1and X~ < XT;
—c(X7), if|X|>2k—1and XT < X"

AX) =

It is obvious that A is antipodal. It is also easy to verify that there are no complementary
edges. Indeed, if X <Y and A(X) = —A(Y), then by definition of A, it must be the case
that | X|,|Y| > 2k — 1. Assume A(X) > 0 (the other case is symmetric). Then there exist
X' C Xt CY*" and Y C Y~ such that | X’| = |Y'| = k and ¢(X’) = ¢(Y’). However,
Yt NY~ =0, implying that X'Y” is an edge of KG(n, k), a contradiction. Thus, by Fan’s
Lemma, there are an odd number of positive alternating (n — 1)-simplices.

Assume X7 < Xy < --- < X, is a positive alternating (n — 1)-simplex with respect to .
Since 1 < |X4| < |X3| < -+ < |Xp| < n, one has | X;| =i for 1 <i<mn.

Claim 1. Let Xy = (0,0). For any index 1 < i < n, either | X;7| = |X;7,|+1, X, ; = X; <
XM and A(X;) > 0, orelse | X; | = |X; | +1, X;"; = X;7 < X; and \(X;) < 0.



Proof. For 1 < i < 2k — 2, it follows from the definitions of A and the positive alternating
(n — 1)-simplices that A\(X;) = (—=1)*"%, and hence if i is odd, then |X;7| = |X;",| + 1 and
X7, =X, <X 1fz is even, then |X; | = |X,_ 4| + 1, X"’1 = X;" < X;. In particular,
Xghool = Xl = i -

Assume 2k — 1 < 4 § n. Since X;—1 < X; and |X;| = |X;—1| + 1, we know that either
XM = |Xit1| +1land X, ; = X, , orelse | X;| =|X, ;| +1and X;";, = X;". Assume
|X;"| = |X;";]| +1 and X;_; = X; (the other case is symmetric) Assume to the contrary of
the claim that X;" < X;. Then |X+| < |X;|and so | X;",| <X, 1| which gives X7, < X,
and i — 1 # 2k — 2. Hence AMXG) = —c(X;) = —C(X 1) = A(X;_1), contradicting the fact
that \(X,) # A\(X;) for r #s. O

Since [n/2] of the labels A(X;)’s are positive and |[n/2| of them are negative, it follows
from Claim 1 that |XF| = [n/2] and | X,/ | = [n/2].

Claim 2. For any index 1 <14 < n, it holds that —1 < | X;7| — | X, | < 1.

Proof. By symmetry, it is enough to show that |X;7| — |X;| < 1. Assume to the contrary
that |X;F| — |X;| > 2 for some i. Since | X, | — |X,;| < 1, there is an index j such that

| X3l =] J+1| <1<2<[X[|—|X]]. Hence |X;,| = |Xj |+ 1. By Claim 1, X}, < X},
and so | X <X 11/, which is impossible as |X+| —|X;1>2. 0O

It follows from Claim 2 that |X2j = [Xy;| = jfor 1 < j < n/2. So we may denote
[n] = {a1,aq,...,a,} where X;' = {ai,as,...,a2j—1} and Xy = {ag, a4, ..., as;}. The signed
set Xo;_1 can be either (XQJ,XQJ 5) O (X;'j_z,Xz_j).

As observed above, A(X;) = (—1)"Yifor 1 < i < 2k —2. For 2k — 1 < i < n, since
IMXop—1), AM(Xak), - -, AM(Xp)} = {2k — 1, =2k, ..., (—=1)""In}, by the monotonicity of c,

c({a1,as,...,a;}) =i for odd i; and ¢({ag, a4, ...,a;}) =i for even i.

Let ' ={X € {+,—,0}"™|XT| = |X~| = k—1}. As noted above, each positive alternating
(n — 1)-simplex contains exactly one vertex in I'. For X € I', let (X, A) be the number of
positive alternating (n — 1)-simplices containing vertex X. By Fan’s Lemma, ¥ ycpra(X, \) is
odd. Hence there exists Z € T' such that a(Z, \) is odd. In particular, there exists a positive
alternating (n — 1)-simplex X; < X5 < - -+ < X, with respect to A, with Z = Xo,_5. For this
Z, define N: {+, —,0}"\ {0}" — {£1,£2,...,£n} by:

, ANX), if X €{Z,-7);
AX) = { AX),  otherwise.

Then X is antipodal without complementary edges. By Fan’s Lemma, there are an odd number
of positive alternating (n — 1)-simplices with respect to \. Since a(X,\) = «a(X,\) for
X eT'\{Z,—Z}, we conclude that

a(Z,N)+a(=2Z,\)=a(Z,\N)+ a(—-Z,N) (mod 2).
Since A\(Z) = —(2k—2) and so A\(—Z) = 2k—2 = N (Z), we know that a(—Z, \) = a(Z,\') = 0.

Thus, a(—Z, ) = a(Z,\) =1 (mod 2). So there exists a positive alternating (n — 1)-simplex
Y] <Yy <--- <Y, with respect to X, where Ys,_s = —Z. Similar to the discussion for X\, we



may denote [n] = {by,ba,...,b,} where Y;]' = {b1,b3,...,b25—1} and Yy, = {b2, b4, ..., baj}.
The signed set Ya;_1 can be either (Y;]', Yy o) or (Y;JT_Q, Y,;), where Y,h =Y, =0. Also, for
2k —1<i<mn,c({by,bs,...,b;}) =1 for odd 7; and c({ba, by, ..., b;}) =i for even i.

Let Z = (S,T). Then Xo_o = (S,T) and Yor_o = (T, S). Consequently, for 2k—1 < i < n,

c(SU{agk—1,a2k41,---,a;}) = (T U {bog—1,b2k+1,---,b;}) =i for odd i; and
(T U{azgk, agk+2, - - -, a;}) = (S U {bog, bag12, . ..,b;}) =i for even i.

Claim 3. For any index 2k —1 < i < n, it holds that a; = b; and ¢(SU{a;}) = ¢(T'U{a;}) = 1.

Proof. We prove by induction on i. If i = 2k —1, since ¢(SU{agk—1}) = c(TU{bog—1}) = 2k —1,
so SU {agg—1} and T U {bog_1} are not adjacent, implying aox—1 = bok—1. Assume i > 2k
and the claim is true for ¢/ < i. If 7 is odd, then since for all 2k — 1 < j < 4, S U {a;}
and T'U {a;} are adjacent, so c¢(SU {a;}) # c(T'U{a;}) = j for 2k —1 < j < i. Because
c(SU{a;}) < e(SU{agk—1,a2k+1,---,a;}) = i, we conclude that ¢(S U {a;}) = i. Similarly,
c(TU{b;}) =1i. Asc(SU{a;}) = c(TU{b;}), so SU{a;} and T'U{b;} are not adjacent. Hence
a; = b;. If i is even, by the same argument, we have ¢(S U {b;}) = ¢(T'U {a;}) = 4, which
implies that a; = b;. This completes the proof of the claim. O

The subgraph of KG(n, k) induced by the vertices {S U {a;},T U {a;}:2k —1 < i < n}
is a colorful copy of K . 2n—2k42- This completes the proof of Chen’s Alternative Kneser
Coloring Lemma.

Acknowledgment. We are grateful to the two anonymous referees for their quick reports
with constructive suggestions.

References

[1] P.-A. Chen. A new coloring theorem of Kneser graphs. J. Combin. Theory Ser. A,
118(3):1062-1071, 2011.

[2] K. Fan. A generalization of Tucker’s combinatorial lemma with topological applications.
Ann. of Math. (2), 56:431-437,1952.

[3] H. Hajiabolhassan and A. Taherkhani. Graph powers and graph homomorphisms. Elec-
tron. J. Combin., 17, no. 1, Research Paper 17, 16 pp, 2010.

[4] H. Hajiabolhassan and X. Zhu. Circular chromatic number of Kneser graphs. J. Combin.
Theory Ser. B, 88(2):299-303, 2003.

[5] A. Johnson, F. C. Holroyd and S. Stahl. Multichromatic numbers, star chromatic numbers
and Kneser graphs. J. Graph Theory, 26(3):137-145, 1997.

[6] L. Lovédsz. Kneser’s conjecture, chromatic number, and homotopy. J. Combin. Theory
Ser. A, 25(3):319-324, 1978.

[7] F. Meunier. A topological lower bound for the circular chromatic number of Schrijver
graphs. J. Graph Theory, 49(4):257-261, 2005.



[8] G. Simonyi and G. Tardos. Local chromatic number, Ky Fan’s theorem and circular
colorings. Combinatorica, 26(5):587-626, 2006.

[9] X. Zhu. Circular chromatic number: a survey. Discrete Math., 229(1-3):371-410, 2001.



