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Abstract

Given a non-negative integer r, a no-hole (r 4+ 1)-distant coloring, called N,-
coloring, of a graph G is a function that assigns a non-negative integer (color) to
each vertex such that the separation of the colors of any pair of adjacent vertices
is greater than r, and the set of the colors used must be consecutive. Given r
and G, the minimum N,-span of G, nsp,.(G), is the minimum difference of the
largest and the smallest colors used in an N,-coloring of G if there exists one;
otherwise, define nsp,(G) = co. The values of nsp,(G) (r = 1) for bipartite
graphs are given by Roberts [16]. Given r > 2, we determine the values of
nsp, (G) for all bipartite graph with at least r — 2 isolated vertices. This leads
to complete solutions of nspy(G) for bipartite graphs.

Keywords: Vertex-coloring, no-hole (r + 1)-distant coloring, minimum span, bipar-
tite graphs.
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1 Introduction

The T-coloring of graphs models the channel assignment problem introduced by Hale
[6] in communication networks. In the channel assignment problem, several trans-

mitters and a forbidden set T (called T-set) of non-negative integers with 0 € T', are
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given. We assign a non-negative integral channel to each transmitter under the con-
straint that if two transmitters interfere, the difference of their channels does not fall
within the given T-set. Two transmitters may interfere due to various reasons such
as geographic proximity and meteorological factors. To formulate this problem, we
construct a graph G such that each vertex represents a transmitter, and two vertices
are adjacent if their corresponding transmitters interfere.

Thus, we have the following definition. Given a T-set and a graph G, a T-

coloring of G is a function f: V(G) — ZT U {0} such that

[f(z) = f)| & T, if zy € E(G).

Note that if "= {0}, then T-coloring is the same as ordinary vertex-coloring,.

A no-hole T-coloring of a graph G is a T-coloring f of G such that the set
{f(v) : v € V(G)} is consecutive (the no-hole assumption). When 7" = {0,1} and
T ={0,1,2,...,r}, a no-hole T-coloring is also called an N-coloring [16] and an N,-
coloring (or no-hole (r+1)-distant coloring) [17], respectively. That is, an N,-coloring
of a graph G is a vertex coloring f : V(G) — Z* U {0} such that the following two
conditions are satisfied:

o |f(x)— fly)| =r+1,if ww e E(G);

o the set {f(v) : v € V(G)} is consecutive.

In terms of efficiency of the usage of the channels (colors), the variable T-span
has been considered. The span of a T-coloring f is the difference of the largest and
the smallest colors used in f(V'); the T-span of a graph G, sp;(G), is the minimum
span among all T-colorings of G.

The T-spans for different families of graphs and for different T-sets have been
studied extensively (see [3, 4, 5, 10, 11, 12, 14, 15, 18]). It is known [3, 10] that if T’

is an r-initial set, that is, T ={0,1,2,...,r} UA where A is a set of integers without



multiples of (r + 1), then the following holds for all graphs:

spr(G) = (X\(G) = 1)(r + 1), (%)

where x(G), the chromatic number of G, is the minimum number of colors to properly
color vertices of G.

It is known [3] and not difficult to learn that for any given T-set and any graph
(G, a T-coloring always exists. However, a no-hole T-coloring does not always exist.
For instance, as T' = {0, 1}, then K,,, complete graph with n vertices, does not have
a no-hole T-coloring for any n > 2.

The minimum span of a no-hole T-coloring for a graph G is denoted by nsp,.(G).
If there does not exist a no-hole T-coloring for G, then nsp,(G) = oco. If T' =
{0,1,2,...,r}, denote nspy(G) by nsp,(G).

A no-hole T-coloring is also a T-coloring. Hence by (x), a natural lower bound
for nsp,(G) is (x(G) — 1)(r + 1). Roberts [16] and Sakai and Wang [17] studied
N-coloring and N,-coloring, respectively. Among the findings in [16, 17] are the
results about the existence of an N-coloring and an N,-coloring for several families
of graphs including paths, cycles, bipartite graphs and 1-unit sphere graphs. The
authors also compare the span of such a coloring (if there exists one) with the lower
bound (x(G)—1)(r+1). The N-colorings and N,-colorings studied in [16, 17] are not
necessarily optimal, i.e., the spans are not always the minimum.

This article focuses on the exact values of the minimum N,-span, nsp,(G),
especially for bipartite graphs, i.e., graphs with x(G) < 2. In Section 2, we give
preliminary results for general graphs. In Section 3, we explore the values of nsp,.(G)
for bipartite graphs. The solutions of nsp,(G) for bipartite graphs are given by
Roberts [16]. We determine the values of nsp, (G) for any bipartite graph G with at
least » — 2 isolated vertices. This result also leads to a complete description of the

values of nsp,(G) for all bipartite graphs.



2 Preliminary results

In this section, we present several results about the minimum N,-span for general
graphs. We show a number of upper and lower bounds of nsp, (G) for different types
of graphs. In order to find the minimum span, without loss of generality, we assume
that the color 0 is always used in any N,-coloring.

If |V(G)| = n and nsp;(G) < oo, then by definition, a trivial upper bound for
nspy(G) is n — 1. On the other hand, any no-hole T-coloring is also a T-coloring,

hence we have:

Proposition 1 For any T-set and any graph G with n vertices, spy(G) < nsp;(G);

and nsp;(G) <n —1 if nsp;(G) < oc.
Combining Proposition 1 and (x), we have:

Proposition 2 For any r € Z* and any graph G with chromatic number x(G),
(X(G) = 1)(r +1) < nsp,(G).

With the following result, we show a lower bound of nsp,(G) in terms of r and

the number of isolated vertices in G.

Theorem 3 Supposer € Zt and G is a graph with i isolated vertices, 1 > 0, and at

least one edge. Then nsp, (G) > max{2r —i+ 1,7+ 1}.

Proof. It suffices to show the result when nsp,(G) is finite. Because G has at least
one edge, nsp,(G) > r + 1. Thus the lemma holds if i > 7.

Suppose i < r. Let f be an optimal N,-coloring of G. By the no-hole assumption
of an N,-coloring, the colors r,7 — 1,...,2,1,0 must be used by some vertices. Since
GG has only i isolated vertices and i < r, there exists a non-isolated vertex u with

r—i < f(u) < r. Because u is non-isolated, there exists some vertex v such that



wv € E(G). Then f(v) > f(u), for otherwise 0 < f(u) — f(v) < r contradicting to

uv € E(G). Therefore, we have
fw)>flu)+r+1>r—i+r+1=max{2r —i+1,r+1}.
This implies nsp,.(G) > max{2r — i+ 1,7 + 1}. O

The union of two vertex-disjoint graphs GG and H, denoted by GUH,, is the graph
with vertex set V(GUH) =V(G)UV(H) and edge set E(GUH) = E(G) U E(H).
For the case in which H has exactly one vertex z, G U H is denoted by G U {z}.

The inequality nsp,(G) < nsp, (G U H) does not always hold. For instance, if
G = K> then nsp,(G) = oo; while nsp;(G U {z}) = 2. In the rest of the section, we

present several results on unions of graphs.

Theorem 4 Suppose G is a graph with at least one edge, then nsp, (G U {z}) >

nsp, (G) + 1.

Proof. It suffices to show the result when nsp, (G U {z}) is finite. Suppose f is an

N,+1-coloring of G'U {z}. Define a coloring g on V(G) by:

g(v) = { f (), if f(v) < f(z) or f(v) = 0;
fv) =1, if f(v) > f(z) and f(v) > 0.

It is straightforward to verify that g is an N,-coloring of GG and the span of g is one

less than the span of f. Therefore, nsp, (G U {z}) > nsp,(G) + 1. O

Theorem 5 Suppose G is a graph with nsp,(G) = q(r + 1) + j, where ¢ > 1 and

0<j<r, and H is a graph with q vertices. Then nsp, (G U H) < nsp,(G) + q.

Proof. It suffices to show the result when nsp,(G) < co. Let f be an optimal N,-
coloring of G and f(V(G)) ={0, 1, ..., nsp,(G)}. Suppose V(H) = {z1,22,..., 24}
Define a coloring g on GUH, g: V(GUH) — ZT U {0}, by

) 7(T+72{(”)J, if veV(G);
g(v) =
k(r+2)—1, if v=x, € V(H).
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It is enough to show that ¢ is an N, ;-coloring for G U H. Because f is onto, so
g(V(G U H)) is a consecutive set, indeed g(V(G U H)) = {0,1,2,...,nsp,(G) + ¢}.
If ww € E(GU H), then either uv € E(G) or wv € E(H). If ww € E(H), then

lg(u) — g(v)] > r+2. If ww € E(G), without loss of generality, assume f(u) > f(v).

Since f(u)— f(v) > r+1, we have (Ttii{(u) — (Tt?l{(v) >r+2,s0 g(u)—g(v) >r+2.

Hence g is an N,.;;-coloring with span nsp, (G) + ¢. This completes the proof. O

Note that the result in Theorem 5 is not always true if the assumption nsp, (G) =
q(r + 1) + j does not hold. For instance, let G = Ky UrK; and H = Kj, then

nsp,(G) = r + 1 for any r. However, nsp, (G U H) = oo for any r > 4.

Corollary 6 If G is a graph with r+1 < nsp,(G) < 2r+1, then nsp, ,(GU{z}) =

nsp,(G) + 1.

Proof. The corollary follows from Theorems 4 and 5. O

Consider the graph G in Figure 1. According to Theorem 3, nsp,(G) > 3 and
so the labeling in the figure gives that nsp,(G) = 3. According to Corollary 6, we
have nsp,(G' U {z}) = nsp,(G) + 1 = 4.

r (2
I
D ® D O

G GU{x}
usp, (G) =3 nspy (G U{z}) =4

Figure 1: Optimal N-coloring for G and optimal Na-coloring for G U {z}.



3 Main results

In this section, we explore the minimum N,-span for bipartite graphs. It turns out
that the number of isolated vertices in a bipartite graph plays a key role for this
problem. We give the values of nsp, (G) for all bipartite graphs G with at least r — 2
isolated vertices. This result leads to complete solutions of nsp,(G) for all bipartite
graphs G.

In this section, a bipartite graph is conventionally denoted by G = (A, B, I, E),
where [ is the set of all isolated vertices and (A, B) is a bipartition of all non-isolated
vertices such that each edge in G has one end in A and the other in B. A vertex v is
called an A-, B- or I-vertexif x € A, B or I, respectively.

The bipartite-complement G of a bipartite graph G = (A,B,I,E) with E # ()

is the bipartite graph G with vertex set V(G) = AU B and edge set
E(G)={ab:ae Abe B,ab¢ E}.

Note that the set of isolated vertices in G is not specified in the notation. Moreoever,
we shall denote B’ the set of all B-vertices not adjacent to any A-vertex in G. IftGisa
bipartite graph, then G is a subgraph of G¢, the complement of G (i.e, V(G°) = V(G)
and E(G¢) ={uv:u # v and uwv ¢ E(G)}).

The N;-coloring for bipartite graphs has been studied by Roberts [16]. Although
the concept of the minimum Ni-span was not introduced explicitly in [16], the follow-
ing theorem, which completely determines the values of nsp,(G) for bipartite graphs,

can be generated from [16].

Theorem 7 (Roberts [16]) If G = (A, B, I, E) is a bipartite graph with E(G) # 0,

then

2, dflIl =1
nspy (G) = ¢ 3, if [I[ =0 and E(G)
G

# 0;
oo, if [ I| =0 and E(G) =10



As examples to Theorem 7, consider the graphs G; and G5 in Figure 2. As

|I| > 1 for Gy, we have nsp,(G1) = 2. For Gy, the facts |I| = 0 and E(G) # 0 imply
nspy(Gz) = 3.

Gy |1 >1

nsp;(Gy) =2

Figure 2: Two examples of optimal N-colorings for bipartite graphs.

Sakai and Wang [17] characterize the existence of an N,-coloring by using the
Hamiltonian r-path. The d-path on n vertices, vq,vs, ..., vy,, has the edge set {v;v; :
1 < |i—j| <d}. Figure 3 shows a 2-path with 7 vertices. A 1-path on n vertices
is an ordinary path denoted as P,. A Hamiltonian d-path of a graph G is a d-path

covering each vertex of G exactly once.

Figure 3: A 2-path with 7 vertices.

Theorem 8 (Sakai and Wang [17]) G has an N,-coloring if and only if G has a
Hamiltonian r-path. Indeed, if f is an N.-coloring such that f(vy) < f(ve) < ... <

f(vpn), then vy, vq, ..., v, is a Hamiltonian r-path in G°.
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If the lower bound of nsp,.(G) in Theorem 3 is attained by some graph G,
according to Proposition 2, G must be bipartite. Such graphs do exist. In the next

theorem, we show a sufficient condition for such graphs.

Theorem 9 Suppose G = (A, B, I, E) is a bipartite graph with at least one edge. If
1| > r, then nsp,.(G) =7+ 1; if |I| < r — 1 and there exist {ay,a,...,a,— 7} C A
and {b1,bs,...,b, i} C B such that ajb, ¢ E(G) for j+k > r— |I| + 1, then
nsp, (G) = 2r — |I] + 1.

Proof. It is obvious that nsp,(G) > r + 1, since E(G) # 0.

If |I| > r, coloring A-vertices with 0, B-vertices with r + 1, and [-vertices with
1,2,---,r gives an N,-coloring. So, nsp,.(G) =r + 1.

If |I| <r—1, by Theorem 3, nsp,(G) > 2r — |I| + 1. Hence, it suffices to find
an N,-coloring with span at most 2r — |I|+ 1. Define a coloring by the following four
steps:

(1) color ay, as, ..., a,—; with 1,2,...,r — |I|, respectively;

(2) color I-vertices with r — |I| + 1,7 — [I| +2,...,71;

(3) color by_ys|, br—jr|—1,--.,b1 with 7+ 1,74 2,...,2r — |I], respectively; and

(4) color all the remaining A-vertices with 0 and B-vertices with 2r — |I| 4 1.
By the assumption that a;b, ¢ E(G) for j+k > r — |I| + 1, it is easy to verify that

the coloring defined above is an N,-coloring with span at most 2r — |I| + 1. O

Corollary 10 Let G = (A, B, I, E) be a bipartite graph with at least one edge.

~

(a) If |[I| <r—1 and E(G) =0, then nsp,(G) = oc.

(b) If |I| = r — 1, then nsp,(G) = r + 2 iff E(G) # 0.
(¢) If |I| = r — 2 and there exists a Py in G, then nsp,(G) = r + 3.

Proof. We only need to show (a), since (b) and (c) follow from Theorem 9.



~

Suppose |I| < r —1 and F(G) = 0. Then, G — I is a complete bipartite graph
K 4, B]- Combining this with the assumption that |I| <7 —1, G does not admit any

N,-coloring, so nsp, (G) = oo. O

Combining Theorem 9 and Corollary 10 (b), the values of nsp, (G) for bipartite
graphs with at least r — 1 isolated vertices are settled. In the rest of the article,
we shall focus on the N,-coloring for bipartite graphs G = (A, B, I, E') with at most
r — 2 isolated vertices. By Corollary 10 (a), we may assume 2 < |A| < |B|. In the
rest of the section, we search for the exact value of nsp, (G) to complete the case as
|I| = r — 2. By Corollary 10 (c), it suffices to consider the case that G contains no
P,. We first show a lemma which is a key to settle this problem.

For any real number z, denote max{z,0} by ™. For any two integers a and b,

a < b, let [a, b] denote the set {a,a+ 1,a+2,---,b}.

Lemma 11 Let G = (A, B, I, E) be a bipartite graph with 2 < m = |A| < |B|,

|[I| <r—2, and G contains no Py. If nsp,(G) < oo, then the following are all true:
(a) In the graph @, every B-vertex is adjacent to at most one A-vertex.

(b) There exist an arrangement 11 = (A1, Ag,---, Apm) of A and non-negative in-
tegers di = 0,c1,da,C2,d3 ..., dm, ¢ = 0 such that degz(Ax) = di + ¢, for
1<k <mand|I| > ql) := 7 qr, where g = max{(r —cx)*, (r —dpy1)*}.

(©) 1sp,(G) = (m — 1)(2r + 1) — |1].

(d) If B" # 0, then |I| —q(IT) > ¢/(IT) := min 1q’/“’ where q, = min{(r —c) ", (r—

1<k<m—
di1) "}

(e) If B' # 0, then nsp,(G) > max{2r+2,(m—1)(2r+1) — |I|+ s(I) + 1}, where

s(l) = | _min {g : ¢ < |{| —q(ID)}.
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Proof. Suppose f is an optimal N,-coloring for G. According to Theorem 8, G¢ has a
Hamiltonian r-path P = vy, va,. .., vy () With 0 = f(v1) < f(v2) < ... < f(yvey)-
Without loss of generality, we assume the order of A-vertices on the r-path P is
II = (A, Ay, -+, Ap). We call this an arrangement of A. Hence f(A;) < f(Az) <
- < f(Am).

On P, let an A- (or B-) run be a maximal interval of consecutive A U [- (or
B U I-) vertices, starting and ending with A- (or B-) vertices. Note that there may
exist some [-vertices within one run or between two consecutive runs; and the runs
are alternating between A and B.

It is impossible to have two consecutive runs with at least two vertices in each.
For if it is possible, then there exist .,y € A and z,w € B whose order in P is
(z,y,z,w), and the vertices between = and w, other than y and z, are I-vertices.
Because |I| <7 —2, (x — 2 — y — w) forms a Py in G, a contradiction.

Analogously it is impossible to have two consecutive singleton runs (except
possibly the first run and the last run). For if it is possible, then we get a P, in G
by connecting the two consecutive singleton A-run and B-run with the B-vertex and
A-vertex preceding and after them.

We conclude that either all A-runs or all B-runs are singletons. As |A] < |B],
all A-runs are singletons and each B-run (except possibly the first run and/or the
last run) contains at least two vertices. So between any Ay and Ag,; on P, there are
only B- or [-vertices. Since |I| <r — 2 and P is an Hamiltonian r-path in G°, there
exist at least two B-vertices between A, and Ag,; that are adjacent to Ay.

To prove (a), suppose to the contrary that there exists v € B such that
vAR, VA, € E(@) for some k < . Then between A, and A, on P there exists
u € B — {v} adjacent to Ay in G. Thus (u — A, —v — A;) forms a Py in G, a
contradiction. This proves (a).

Claim: For all 1 <k <m — 1, we have f(Agi1) — f(Ax) > 1+ 2.

11



Proof) Suppose f(Ags1) — f(Ax) < 7+ 1 for some k. Then the B-vertices between
Ay and A1 on P are adjacent to both A, and Ay, in @, contradicting (a). O
Note that if A; = v;, then P’ = v;, v;_1,..., V2, V1, Viy1, Viga, - . ., Vjy(q)| 15 also a
Hamiltonian r-path in G, or equivalently, f’ defined by f'(v;) = f(v1)+ f(vi) — f(v;)
for 1 <j <iand f'(vj) = f(v;) for i < j < |V(G)] is also an optimal N,-coloring of
GG. So, without loss of generality, we may assume A; = v;. Similarly, we may assume
that A, = vjy(g). Put
Dy :={y € B:yA € E(G) and f(y) < f(A)} and dy == |Ds;
C,:={zeB:2A, € E(G) and f(A;) < f(x)} and ¢; := |Cy];
Dy :={y € B:yA, € E(G) and f(y) < f(Ap)} and dy, := | Dy for 2 < k < m;
) ( )

—{z e B:2A, € E(G) and f(A}) < f(z

(
( }and ¢, = |Cy| for 2 < k <m;
Iy :={z€1: f(A) < f(2) < f(Ary1)} and g, := |Ii| for 1 <k <m —1;
Io={z€1: f(A) < f(2) < f(Ag) +r} and i} := |[}| for 1 <k <m—1;
II={ze€l: f(Ar1) =1 < f(2) < f(Agq1)} and i} := |[}/| for 1 <k <m—1.
Then d; = ¢,, = 0 and degz(Ay) = dy + ¢ for 1 < k < m. By (a), the Cy’s and
D;’s are all disjoint. By the Claim, for any 1 < k < m, I U I} C I} (while [; and
I}! are not necesscrily disjoint). Furthermore, it is clear that for any 1 <k <m — 1,
FHF(AR)+1, f(Ap)+r] C CRUIL, since if f(Ag) < f(z) < f(Ag)+r, then x € CRUI;.
Similarly, f~'[f(Art1) — 7, f(Ags1) — 1] € Dyy1 U I} Hence we have ¢ + i), > r and
dg+1 + 45 > r, implying that i, > max{i}, i} } > max{(r — )", (r — dg11)"} = g, for

1 <k <m — 1. Therefore,

1 zmg > 5 0= gD, (¢

This completes the proof of (b).
Now we have f71[f(Ax) + 1, f(Ar) +7] C CrU I, C Cr UIy and [~ f(Art1) —
7, f(Ags1)—1] C Dy UI C Dyy1UI,. Because C,NDyyq = 0, at least 7—iy colors of

[f(Agy1) =1, f(Ags1) — 1] are not in [f(Ag) + 1, f(Ag) +7]. Thus f(Axs1) — f(Ag) >

12



r4+(r—ixy) +1 =2r+1—id, for 1 <k < m— 1. Summing up, we get (c):
usp,(G) > F(An) — F(A) > (m— 1)(2r +1) - |1].

Now consider the case that B’ # (), i.e., there exists some w € B such that wA; &
E(G) for all 1 < k < m. Hence |f(w) — f(Ar)] > r+1, forall 1 <k < m. Assume
f(Ap) < f(w) < f(Ap41) for some 1 < p <m—1. Then f(A,11)— f(Ap) > 2r+2, so
I'N I =0, implying that i, > i}, 414 > (r —c,)* + (r — dps1)™ = ¢, + ¢,. Replacing
ip = qp + g, to the last summation in (+x), we get |I| > q(II) + ¢, > q(I) + ¢'(II).
This proves (d).

Because f(Api1) — f(Ap) > 2r+2 > 2r +1—1i,+ ¢, + 1, we have, from the
first inequality, nsp,(G) > f(A,4+1) — f(Ap) > 2r + 2. Using the second inequaltiy,
similar to the proof of (c), one can get nsp,(G) > (m —1)2r+1) —|I| +¢,+1 >
(m—1)(2r+ 1) — |I| + s(II) + 1. This proves (e). O

In the next result, we complete the solution of nsp,(G) for bipartite graphs
G = (A, B,I,FE) with |I| = r — 2. Let s(G) = mins(II), where II runs over all

arrangements of A satisfying Lemma 11 (b) and (d).

Theorem 12 Suppose G = (A, B, I, F) is a bipartite graph with 2 < m = |A| < |B|,
0<|I|=r—-2, and G has no Py. Then, nsp, (G) < oo if and only if G satisfies
Lemma 11 (a), (b) and (d). In this case,

2r+1)(m—1)—r+2, if B'=10;
nsp, (G) =<¢ 2r + 2, if B# 0 and m = 2;
2r+1)(m—1)—r+s(G)+3, if B#0 and m > 3.

Proof. The necessity follows from Lemma 11. For the sufficiency, suppose Il =
(A1, Ag, -+, A,,) is an arrangement of A satisfying Lemma 11 (a), (b) and (d). More-
over, assume $(IT) = s(G) when B’ # ().

By Lemma 11 (a), any two A-vertices have disjoint sets of neighbors in G. Then
by Lemma 11 (b), we can label the neighbors of A in G by Ci1,Cro,...,Cke, and
Dy, Dy, ..., Dyg,,,, respectively, for 1 <k < m. In addition, since |I| > S g,

there exist distinct I-vertices Iy 1, 2, ..., Ik, for all k.

13



We shall complete the proof by considering the three cases.

Case 1. B’ = (). That is, B is the union of all the C- and D-vertices. It suffices
to find an N,-coloring of G with span (2r+1)(m—1)—r+2. (Then we not only prove
that N,.(G) < oo, and also confirm that the span is optimal by Lemma 11(c).) We
first replace ¢,—1 by |I| — E}”:_IQ ¢;- Then gp—1 > max{(r — ¢;—1)",(r — d,,,)*} and
11| = X751 ¢;. Indeed, letting B represent the C- and D-vertices and I for I-vertices
(without indicating the indices), we can line up all vertices of G as an Hamiltonian
r-path in G¢ as:

P:AlBB---BMBB---BAQ---Am_lBB---B&,-_-_{BB---BAm.
c1 @ do em1 Gm-1 dm
Note that d; = ¢, = 0. Define a coloring on G by the following three steps (the idea

is to use each [-vertex to reduce the span by 1).

(1) A-vertices: f(A;) =0 and f(Apy1) = f(Ar) +2r+1—gqy for 1 <k <m-—1.

(2) B-vertices: for all 1 <k <m — 1,

f(Crj) = f(AR) + 7, for 1 <j<r—gq,—1;
BT f(AR) +r—a, forr— g < <o,

F(Dpar ) = | HA) Fr g, forl<jsr—g—1;
k+1,j J(Ag) +2r —qp, forr—q, <j <dpi1.

(3) I-vertices: f(Iy;) = f(Ax)+7 —qp+jforall ¢ >0and 1 <j <g.

One can easily verify that f is an N,-coloring for G with span (2r+1)(m—1)—|I| =
2r+1)(m—1)—r+2.

Case 2. B’ # () and m = 2. Similar to Case 1, by Lemma 11 (e), it suffies to
find an N,-coloring of G with span nsp, (G) = 2r+ 2. Define a coloring by f(A;) =0,
f(A2) =2r+2 and f(z) = r + 1 for all vertices z in B’. Since |I| > ¢(II) + ¢'(II) =
@1 +q; = (r—c1)t+ (r—dy)™, there are enough I-vertices to use the colors between

0 and 27 + 2. Thus one can verify that this is an N,-coloring of G with span 2r + 2.
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Case 3. B’ # () and m > 3. Again, by Lemma 11 (e), it suffices to find an
N,-coloring with span (2r 4+ 1)(m — 1) — |[I| + s(G) + 1. Suppose s(II) = ¢, for some
1 <p<m—1with ¢, < [I|—q(IT). As before, we replace g; by ¢; + |I| —q(IT) — g, for
somei#p. Then |I| =q+q+...+q1+r—cy) +(r—dps1) T+ @1+ .+ Gm1.
All the C-, D- and I-vertices are labeled the same as before, except the [-vertices

1

! " !
p,(r—cp)+’ pylj p72’ Tt

l

between A, and A, are labeled as I, I p(r—dy 1)t

b2y
Apply the same three-step coloring method used for the Case 1, except the colors for
the vertices between A, and A1 are defined by: f(1, ;) = f(A,) +7—(r—c,)" +3]
for 1 <j<(r—c,)"; f(w) = f(Ay) +r+1forallw e B'; f(I];) = f(Ap) +7+1+]

for 1 <j<(r—dy1)t; f(Aps1) = f(A,) + 2r + 2; and

ooy A+, for 1<j<r—(r—c)*—1,
f(Cyj) = f(Ap)—l—T—(r—cp)+, fOfT—(T—Cp)+§j§cp;

F(Dps) = JA)+r+1+(r—dp)t+35, for1<j<r—(r—dy)"—1,
mi) f(Ay) +2r +1, forr — (r —dpi1)" <j < dp1.

This gives an N,-coloring for G with span (2r + 1)(m — 1) — |I| + s(G) + 1 = (2r +
Dim—1)—r+s(G)+3. O

Based on Lemma 11, using a similar process in the proof of Theorem 12, we
can also completely settle the case that I = () and r > 2. In this case, Lemma 11 (b)
means that g, = 0 for all k, or equivalently, that G has two A-vertices of degree at
least r and the rest (m —2) A-vertices of degree at least 2r. Furthermore, Lemma 11
(d) holds automatically, and s(I) = 0. This implies that the lower bound in Lemma
11 (e) is simply (m — 1)(2r + 1) + 1. Hence, the same labeling procedure used in

Theorem 12 gives the following result.

Theorem 13 Let G = (A, B, I, E) be a bipartite graph with 2 < m = |A|] < |B],
I =0, and G contains no Py. If r > 2, then nsp,(G) < oo if and only if Lemma

11 (a) holds and G has two A-vertices of degree at least v and the other (m — 2)
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A-vertices of degree at least 2r. In this case,

sp, () :{ @r+1(m—1),  ifB =0,

2r+1)(m—1)+1, if B #0.

By Corollary 10 and Theorems 9 and 13, we obtain the complete solutions of

nspy(G) for bipartite graphs.

Theorem 14 If G = (A, B,1,E) is a bipartite graph with at least one edge and

1 <m =|A| <|B|, then

s, il
4, if Il =1 and E(G) # 0;
5, if [I| =0 and G has a Py;

nspy(G) = 5m—>5, if [I|=0, B'=0 and G is a disjoint union of m
stars, centered at A except two of the stars have
at least 2 edges, each star has at least 4 edges;

5m — 4, same as the above, except B’ # ();

0, other than any of the above.

Figure 4 shows examples of Theorem 14.

Remark. This article is aimed at computing the values of nsp,(G) for bipartite
graphs when 7' = {0,1,---,7}. Another article by the same authors [1] deals with
the values of nsp,(G) for unit-interval graphs when 7" = {0,1}. The no-hole T-
colorings for some other T-sets and different families of graphs were studied by Liu
and Yeh [13]. It was proved [13] that if 7" is r-initial or 7" = [a,b], 1 < a < b, then
for any large n, there exists some graph on n vertices such that nsp,(G) equals the
upper bound n — 1.

Acknowledgment. The authors are grateful to the two anonymous referees for

valuable comments.
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(G1: example for case 1 (G: example for case 2 G3: example for case 3

nsp,(G1) =3 nsp,(Gz) =4 nspy(G3) =5

1

2 1
3 0 2
4 3
6 3
7 4
8 6 S
9

G4: example for case 4  G5: example for case 5
nspy(Ga) = 10 nsp,(Gs) =6

Figure 4: Five examples for Theorem 14.
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