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Abstract

Let G be a connected graph with diameter d. For any two vertices
u and v, let dg(u,v) denote the distance between u and v. A radio
labelling for G is a function f that assigns to each vertex a non-
negative integer (label) such that the in-equality |f(u) — f(v)| >
d — dg(u,v) + 1 holds for any two vertices u and v. The span of f is
the difference of the maximum and the minimum labels assigned. The
radio number of G is the minimum span over all radio labellings of G.
The radio numbers for paths and cycles were studied by Chartrand
et. al. and Zhang, and were completely determined by Liu and Zhu.
We study the radio number for square cycles (cycles by adding edges
between vertices of distance two apart). The radio numbers for the
square of even cycles are completely determined. For the square of
an odd cycle, we obtain a lower bound for the radio number, and
show that the bound is achieved by many cases, while not achievable
by some other cases.

1 Introduction

Radio labelling is motivated by the AM/FM radio channel assignment prob-
lem (cf. [1, 3]). Suppose we are given a set of stations (or transmitters), the
task is to assign to each station (or transmitter) a channel (non-negative
integer) such that the interference is avoided. The interference is closely
related to the geographical location of the stations, the smaller distance be-
tween two stations, the stronger interference between them might occur. To
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avoid stronger interference, the larger separation of the channels assigned
to the stations must be. To model this problem, we construct a graph, such
that each station is represented by a vertex, and two vertices are adjacent
when their corresponding stations are close. The ultimate goal is to find a
valid labelling for the vertices such that the span (range) of the channels
used is minimized.

For a given simple connected graph G, the distance between any two
vertices u and v, denoted by dg(u,v) (or d(u,v) when G is understood
in the context), is the length (number of edges) of a shortest (u,v)—path.
The diameter of G, denoted by diam(G) (or d if G is understood in the
context), is the maximum distance between two vertices in G. A radio
labelling (also known as multi-level distance labeling [5]) of G is a function,
f:V(G)—{0,1,2,---}, such that the following holds for any « and v:

) = F(0)] = diam(G) — d(u,v) + 1.

The span of f is the difference of the largest and the smallest channels used,

m{a}((G){f(v) — f(u)}. The radio number of G is defined as the minimum
u,ve

span of a radio labelling of G.

The radio numbers for different families of graphs have been studied by
several authors. The radio number for paths and cycles was investigated by
[3, 1, 12], and was completely solved by Liu and Zhu [5]. The radio number
for spiders (trees with at most one vertex of degree more than 2) has been
investigated by Liu [6].

The square of a graph G, denoted by G2, has the same vertex set as
G, and the edge set E(G?) = E(G) U {uv : dg(u,v) = 2}. The radio
number for the square of paths is completely settled in [7]. In this article,
we investigate the radio number for the square of cycles (or square cycles),
denoted by C2. We completely determine the radio numbers for the squares
of even cycles C22k. For the radio number of the square of odd cycles, we
obtain a lower bound, and show that the bound is achieved by many cases,
while not achievable by some other cases.

2 A lower bound

Throughout the article, we denote V (C,,) = V(C2) = {vg, v1,v2, "+, vp_1},
E(Cn) = {Uﬂ)prl = 0, 1, e, n — 1} and E(C?L) = {UiUi+1,UiUi+2 1=
0,1,---,n—1}. All the sub-indices are taken under modulo n. For instance,
Up = Vg, Unti = v, etc. For any w,v € V(C,), we denote the distance
between u and v, in C2 and C,,, respectively, by d(u,v) and d¢, (u,v). The
diameter of C2 is denoted by d.

For any radio labelling f of C2, we re-name the vertices of C2 by



V(CZ) ={xo,21, "+, Zpn_1}, Where

0= f(zo) < f(z1) < f(x2) <-++ < flwn-1).

Since we are searching for the minimum span of a radio labelling, without
loss of generality, we assume f(zg) = 0. Hence, the span of f is f(z,—1).
For any ¢ =0,1,2,---,n — 2, we set

di = d(zi,zi41); and f; = f(xip1) — f(24).

A radio labelling f of a graph G is called optimal if the span of f is
equal to the radio number of G.

Lemma 1 Let f be a radio labelling for C2. Then for anyi = 0,1,--+,n— 2,

[%821, if n=4k;

ESE IO :
f(@ive) = f(@i) = fir1 + fi 2 {%} Zz = i: i ;

f%} if n =4k + 3.

Proof Let n =4k +r,r=0,1,2,3. Forany : =0,1,2,---,n — 2, let
li :dcn(l‘i,xi+1), and l: :dcn(l‘i+2,l‘i).

Then, we have

li I
d(xi,xi-i,-l) = ’7——‘ y and d(l’i+27$i) = IVL—‘ .
2 2
Assume r = 0, 1. Then diam(C?) = k. If l; < k, then d(z;, z;11) < [£].
Hence, by definition, we have

k k

fi=f(@ig1) = flzi) >k —d(zg,zi01) + 1>k — k-‘ +1> [5-‘

This implies that f(ziy2) — f(z:) = fi + fis1 > [5] + 1. So the result

follows.
Assume [ < k. Then d(z;, 7;42) < [£]. Hence, by definition, we have

f(@ite) = f(zi) >k — d(wi, 7542) +1 > V;f‘ .

Thus, we assume l;, ;41 > k+1, and [ > k. This implies that {;+[;11+ =
n. By definition, we have

fi = f(@iq1) — f(xi) > k- fﬂ
fit = flwire) — flzin) > k— [ + 1 (2.1)
fit firn = f(@ige) = flz)) > k- [21 +1.



Summing the three inequalities in the above,

2(f(zi42) — f(2:)) > 3k +3 — ([lﬂ + Piﬂ + %D : (2.2)

If n = 4k, then at most two of the elements in {l;,1;+1,{]} are odd, so
(L] + e + 1% ] < 4882 —op 4 1.
If n =4k + 1, then

l; lita 5l 4k+4
_ 2 < — . .
M*M%M— T (2.3)

Therefore, the result follows by combining (2.2) and (2.3).

Similarly, one can show the cases for r = 2,3 (in which d = k + 1, and
one can first prove that the results follow if [; < k41 or [J < k, then verify
the rest by some calculation similar to the above). We leave the details to
the reader. |

Theorem 2 Letn=4k+1r,r=20,1,2,3. Then

%, ifr =0 and k is odd;
WT'*'?”“, if =0 and k is even;
k2 +k, ifr=1 and k is odd;
k2 + 2k ifr=1 and k is even;
R i Bk +1, z;?“ — 9 and k is odd:
k2 +4k+1, ifr=2 and k is even;
%, if r =3 and k is odd;
Qku#, if r =3 and k is even.

Proof Let f be a radio labelling for C2.
Assume 7 =0 (so n — 1 is odd). By Lemma 1, the span of f has:

fepn_1)=fo+fi+faot -+ fn2> <n;2> « {#W 41

Considering the parity of k separately to the above, the results for r = 0
follow.
Assume r =1 (so n — 1 is even). By Lemma 1, we get

fen1)=fo+fitfot -t fno> (ngl) y {k;—l"

Considering the parity of k separately, the results for » = 1 follow.
The cases for » = 2,3 can be proved by the same method. We leave the
details to the reader. |



3 Square of Even Cycles

We prove that for any even cycle, the radio number is equal to the lower
bound proved in Theorem 2. It suffices to give radio labellings with spans
equal to the lower bound. Throughout this article, we express each radio
labelling f, with 0 = f(zo) < f(z1) < f(z2) < -+ < f(zp-1), by the
following two:

e A permutation 7 on {0,1,2,---,n — 1}, with 7(0) = 0 and z; = v,(;.

e Unless indicated, we let f(zo) = f(vo) = 0, and f(zi41) = f(zi) +
d+1—d(ziy1,2;) fori=0,1,---,n—2.

To show that each f, expressed in the above format, is a radio labelling,
we shall (and it suffices to) verify that all the following hold, for any i:

(1) 7 is a permutation.

f(@ive) — f(z:) > d —d(zi, zit2) + 1.
f(@ivs) — f(z:) > d —d(zi, zits) + 1.
f(@iva) = f(zi) 2 d+ 1.

)
(2)
3)
(4)

Theorem 3 Let C2 be an n-vertex square cycle where n is even. Then

WESBR=L  ifp = 4k and k is odd;
WTJ“%, if n =4k and k is even;
k? 4+ 5k+1, ifn=4k+2 and k is odd;

B2 +4k+1, ifn=4k+2 and k is even.

m(Cy) =

Proof By Theorem 2, it suffices to find radio labellings with spans achiev-
ing the desired numbers. We consider cases.

|Case 1: n =4k and £k is odd’ Define 7(0) = 0 and:

T(1) + 2k (mod n), ifi=0,2 (mod 4);
Ti+1)=¢ 7(1)+k (mod n), ifi=1 (mod 4);
T(@)+k+1 (mod n), ifi=3 (mod 4).

By the definition of 7, and the fact that &k is odd, we have

k, if ¢ is even;
di = d(2i, Tit1) = d(vr), Ur(ir)) = { EHL i s odd.

Now we show that f is a radio labelling.



Claim (1): 7 is a permutation. For i =0,1,---,k — 1, we re-write 7 by:

7(4) — (k4 k+2%+k+1)i =(2+0k+i  (modn);
r(di+1) =2ki+i+2k =(©2i+2)k+i (mod n);
T(4i+2) =2ki+i+2k+k = (2 +3)k +i (mod n);
T(4i+3) =2ki+i+3k+ 2k =(2i+Dk+1 (mod n).

Assume 7(4i+ j) = 7(4i’ +j'). Then, (2i —2i'+¢t—t )k =4 —i (mod n)
for some t,t' € {0,1,2,3}. This implies, ¢ = ¢/, as 0 < ¢’ —i < k. Therefore,
it must be t = ¢/, because t' —t < 3. So, T is a permutation.

Claim (2): f(ziy2) — f(z;) > d — d(x;, 242) + 1. By the definition of 7,
we have d; + djv1 = k + % = %TH, and d(x;, zi42) € {%,%} So,

d(x;, Tiga) > % Therefore,

f(@igo) = f(zi) = fi+ fin

= (d—d;+1)+(d—diz1+1)
2k +2 — 3K+
k—d(xi,$i+2)+1.

Vvl

Claim (3): f(zits) — f(2:) > d — d(zi,zi43) + 1. By the definition of 7,
we have
%7 1fd1+dl+1+dz+2:k+%+k7

d(x;, xiy3) = .
(@i, Tit3) {17 i d; + di1 + digs = B2 k4 K5

By some calculation, we conclude that

f(@ivs) = f(zi) = (d—di+1)+(d—dit1+1)+(d—dip2+1)
> d—d(xizie3) + 1.

Claim (4): f(zi4a) — f(z;) > k+ 1. By the definition of 7, we have
di +diy1 +digo+diys =3k + 1. Therefore,

f(@iya) = flxi) = 4k —(di+dip1 +diy2+digz) +4
dk+4—(Bk+1)>k+1.

By Claims (1 — 4), f is a radio labelling. The span of f is:

flan1) = d=do+1+d—di+1+-+d—dp2+1
(n=1)(d+1)—(do+di+do+ -+ dp_2)

(4k = 1)(k +1) - ((%-1) (3’““) +k> _ h;k_l

Figure 1 shows an optimal radio labelling for C%, with span 16.



15 0

10 7
3 12

13 4
6 9
1 16

Figure 1: An optimal radio labelling for C%,.

|Case 2: n =4k and k is even‘

If kK = 2, then (0,3,6,1,4,7,2,5) gives an optimal radio labelling for
V(Cg) = (’U07’U1a7~}23 U3, U7)'

Assume k > 4. Define 7(0) = 0 and:

. 7)) +2k (mod n), if i is even;
T(i+1) = { T(A)+k+1 (mod n), if i is odd.

By the definition of 7, we obtain

k, if 7 is even;
di = d(zi, Ti1) = d(v7(), Vr(i41)) = { EE2 if i odd.

)

Now we prove that f is a radio labelling.

Claim (1): 7 is a permutation. For i =0,1,---,2k — 1, we re-write 7 by:
7(247) = (Bk+1) (mod n),
T(2i+1) = (Bk+1)i+2k (mod n).

Assume 7(2i) = 7(25) or 7(2i + 1) = 7(25 + 1) for some 0 < 4,j < 2k — 1.
Then we have (3k + 1)(i — j) = 0 (mod 4k). This implies that i = j,
because j —i < 2k — 1, and ged(4k,3k + 1) =1 (as k is even).

Assume 7(2i + 1) = 7(2j) for some ¢,7 < 2k — 1. Because (3k+1) =
(1—k) (mod 4k), we have (i—5)(3k+1) = (j—i)(k—1) = —2k (mod 4k).
This implies that (j —i+2)k = (j—i) (mod 4k). Because j—i < 2k—1, it
must be either j —i = 0 or j —¢ = k. The former case implies that (2k) =0
(mod 4k), a contradiction; and the latter case implies that (k +2) = 1
(mod 4), contradicting that k is even. Therefore, 7 is a permutation.

Claim (2): f(xi42) — f(z;) > d — d(x;, x42) + 1. By the definition of 7,
we have, for any i:
k+2 3k+2

k




Hence

f(@iv2) = f(zi) = (d—di+1)+(d—dit1+1)

2
~ ko SRE

> k- d(l‘i,$i+2) + 1.
Claim (3): f(ziys) — f(z;) > d — d(z;,ziy3) + 1. By 7, we have

k22 ifdy+dipr +dipo =k + B2 4+ K
d ; ; — 2 T 1+1 i+2 2 )
(@i @ita) {1, i dy + di1 + diyo = B2 4 k4 B52,

By some calculation, we get

f(xi+3) — f(l‘z) (d - dz + 1) + (d - di+1 + ].) + (d - di+2 + 1)

d— d(l’i,xi+3) + 1.

Y

Claim (4) f($i+4) - f((El) Z k+ 1. As dl +d1‘+1 +di+2 +di+3 = 3k‘+2, SO

f(.%'i+4) — f(xz) = 4d — (di +diy1 +digo+ di+3) +4
dk+4—-3k+2) > k+1.

Therefore, f is a radio labelling with span MT*"%, as
f@n1) = (d—do+1)+(d—-di+1)+---+(d—dp2+1)
2 2
= (k- k- (k- 1)Bk+2)/2— k4 (4k—1) = w

Figure 2 shows an optimal radio labelling for C%; with span 22.

10 0
18 15
3 7
13 22
21 12
6 4
16 19
1 9

Figure 2: An optimal radio labelling for C%;.

Case 3: n=4k +2 ‘ Define 7(0) = 0 and:

) () +2k+1 (mod n), if i is even;
T(i+1) = { ) +k+1  (modn), ifiisodd.



By 7, we obtain

kE+1, ifiis even;
di = d(zi,Tiy1) = { [%L if 7 is odd.

We now verify that f is a radio labelling.

Claim (1): 7 is a permutation. For ¢ = 0,1,---,2k, we re-write 7 by the
following:

T(21) = (3k+2)i (mod n),

r2i+1) = (3k+2)i+2%+1  (modn).

Assume 7(2i) = 7(27) or 7(2i + 1) = 7(25 + 1), for some i,j < 2k.
Then, (3k+2)(i —j) =0 (mod 4k + 2). Moreover, because 3k + 2 = —k
(mod n), we have (j —i)k = 0 (mod n). This implies that ¢ = j, as
J—1<2k < % and ged(k,4k +2) < 2.

Assume 7(2i) = 7(2j+1), for some 4, j < 2k. Then, we have (3k+2)(i—
j)=k(j—i)=2k+1 (mod 4k + 2). This implies that (j —i —2)k =1
(mod 4k + 2). Hence, ged(k,4k + 2) = 1, and so k must be odd. Note
that, (2k+1)(k—1) = (4k+2) (52) =0 (mod 4k+2),s0 2k—1)k =1
(mod 4k+2). Therefore, j—i—2 = 2k—1, which is impossible, as j—i < 2k.
Therefore, 7 is a permutation.

Claim (2): f(zig2) — f(xs) > k+ 1 — d(zi, xiq2) + 1. By 7, we have
d; + di+1 =k+1+ [k—;d-‘ and d(Ii,xiJ,_Q) = |—§-| Hence,

P~ fe) = 2(k+2)— (k14550

= k+1- d(xi,xi+2) + 1.

Claim (3): f(zi+s) — f(z;) > k+1—d(z;,x;43) + 1. By 7, we have

A, 1y5) = { +1t+diga el
1],

[, ifdi + dip + dipo =2k +24 [
By some calculation, we conclude that
f($i+3)—f($i) = (d—di+1)+(d—di+1+1)+(d—di+2+1) > k—|—2—d(xi,xi+3).

Claim (4): f(x;14) — f(x;) > k+ 2. This follows by the fact that d; +

dip1 +dipo +divs < 2(k+ 1+ EE2),
Hence, f is a radio labelling. The span of f has two possibilities:
If k is odd, then dg; + dojp1 = k + 1+ 2 = 3583 for all 4. Therefore,

f(xn—l) = (nfl)d+(n71)f(d0+d1+dg++dn_2)
= (k+1)(k+2)— (k(Bk+3)+k+1)=k*+5k+ 1.



If k is even, then do; + do;11 = k+ 1+ % = %T-M for all i. So, we get
flrn_1) = k> +4k + 1. |

Figure 3 shows optimal radio labellings for C3, and C%, with spans 50
and 13, respectively.

45 36 25 16 5 50 41 30 21 10 1

10¢ 20
3 7
13 12
6 4
1o ©9

Figure 3: An optimal radio labelling for C3, and C%j, respectively.

4 Square of Odd Cycles

The radio number for the square of odd cycles turned out to be more
complicated than the even cycles. We show that the lower bound proved
in Theorem 2 is sharp for many square of odd cycles, while this is not the
case for some others.

Theorem 4 Let C2 be an n-vertex square cycle with n = 4k + 1. Then

rn(C?

n

) = k2 +2k, if k is even;
T\ K2 +k ifk=3 (mod4).

Moreover, if k=1 (mod 4), then

E+k+1<rn(Chi) <k +k+2.

10



Proof If k =0, 2,3, by Lemma 2, it suffices to find a radio labelling f with
span equal to the desired number. In each of the following labelling f, we
use the same notations as in the previous section.

‘ Case 1: k=0 (mod 4) ’ Define 7 by:

7(44) = 2i(3k+1) (mod n), 0<i<k;

T(4i+1) = 2i(Bk+1)+2k—1 (modmn), 0<i<k-1,
r4i+2) = (2i+1)Bk+1) (mod n), 0<i<k—1;
r4i+3) = (2i+1)Bk+1)+2k—i (modn), 0<i<k—L

By the definition of 7, we obtain
2k — i

dai = dajyo = {

k+1+14
-‘ , and dyjy1 = dyiqp3 = {7-‘ .

2

We verify that f is a radio labelling with span equal to the desired
number.
Claim (1): 7 is a permutation. By some calculation, using the facts that
(B3k+1)=—-k (mod4k+1)and 2(3k+1)=2k+1 (mod 4k + 1), we
re-write T as:

7(44) = —2ik (mod n), 0<i<k;

rdi+1) = 20i+1)k (modn), 0<i<k—1I;
r4i+2) = —(2i+1)k  (modn), 0<i<k—1;
T(4i+3) = (20 + 1)k (modn), 0<i<k-—1.

Thus, for any 0 < j <n—1, 7(j) = ak (mod n) for some —2k < a < 2k.
Moreover, because there are 4k + 1 = n integers in the interval [—2k, 2k],
we conclude that if 7(j) = ak, 7(j') = o’k and a = o, then j = j'.

Assume that 7(j) = 7(j/) for some j,7’. Let 7(j) = ak and 7(j') = d'k,
for some —2k < a,a’ < 2k. Then (a—a’)k =0 (mod 4k+1). This implies
that a = o/, since ged(k,4k +1) = 1 and a — o/ < 4k. By the discussion
in the previous paragraph, it must be that j = j’. So, 7 is a permutation.
Claim (2): f(xiy2) — f(x;) > k —d(x;, x,42) + 1. It suffices to show that
d; + di+1 < d(l‘i,l‘i_;,_z) +k+1. Let i = 7'(4] + t), and i + 2 = T(4j/ + tl)
for some 0 < ¢, < 3. By the definition of 7, it suffices to consider the
following two cases:

Assume j = j. Then d(z;,2;12) = %, and d; + dj1q = %T_J] +
(H%W < 3kE2 S0, the claim follows.

Assume j' = j+ 1. Then d(x;, z;42) = %, and d; + d;11 = [k"’%] +

2k—(j+1)-| < 3k+2

5 . So, the claim follows.
Claim (3): f(xix+3)—f(x;) > k+1—d(x;,x;43)+1. It suffices to show that
ditdit1+diya < d(z,Tig3)+2k+2. Let i = 7(4j+1) and i+3 = 7(45'+t'),

11



for some 0 < ¢, < 3. By the definition of 7, we consider the following two
cases:
S k—j1 ritl
Assume j = j'. Then, d(z;, z;43) € {[%52], [}, and

S

di+diy1+dito = { [%2_” + (H;Jrﬂ + (%2_3'% if d(xi, wiq3) = [ gj] ;
1 1 T ~|.

|'/€+;+j‘| + (%2_” + (’H_;HL if d($i,$i+3) _ (%

By some calculation, we get d; +d;11 + dit2 < d(x;, zi43) + 2k +2. So, the
claim follows.

Assume j' = j + 1. Then, d(z;,2:45) € {[*572],[Z51]}, and

N

<.

P, =
|— +2+J~| + ( _23_ —I + I— +%+ ~|a d($i7$i+3) = I—

=1
1.

Lol V)

ditdip1+dipo = {

m’+

By some calculation, we get d; + d;+1 + dito < d(x;, iy3) + 2k + 2.
Claim (4): f(zi44) — f(z;) > k + 1. By the definition of 7, we have d; +
diy1 + diyo + divs < 3k. So the result follows.

Therefore, f is a radio labelling.

Notice that do; + da;yr1 = % for all . So the span of f is k2 + 2k,
because

f(xn_l) = (d—d0+1)+(d—d1+1)+"'+(d—dn_2—|—1)
(4k)(k+1) = (do+dy +do+ -+ dp_o) = k* + 2k.

Figure 4 shows an optimal radio labelling for C%, with span 24.

[\
[y

Figure 4: An optimal radio labelling for C%,.

Case 2: k=3 (mod4)‘ For 0 <i<mn-—1,let:

(i) = (‘%; 1>i (mod n).

12



Hence, for 0 <i<n — 2,

5 - 3k+17  3k+3
T 4 o4

We now show that the labelling f is a radio labelling.
Claim (1): 7 is a permutation. Assume, to the contrary, that (
(%) i’ (mod 4k + 1) for some 0 < ¢,i’ < 4k and i # ¢’. This is impossi-
ble, since by the Euclidean Algorithm (assuming k = 4m + 3 for some m),
one can easily show that ged(4k + 1, 25EL) = ged(16m + 13,6m + 5) = 1.
Claim (2): f(xiy2)— f(z;) > k—d(x;, zi12) +1. By the definition of 7, we
have d(x;, 2;42) = %, and d; +djpq =2 - (3’%3) So, the result follows.
Claim (3): f(zit3)—f(z:) > k—d(z;, ziv3)+1. By 7, we have d(z;, x;43) =
%, and d; + d;1 + dipe =3 - (3’“4—'*'3) So the result follows.
Claim (4): f(xs4a) — f(z;) > k+ 1. This follows directly by d; + di+1 +
diyo + diys = 3k + 3.

The span of f is k? + k, because do +dy +do + -+ -+ d,,_o = k(3k + 3).

Figure 5 shows an optimal radio labelling for C%, with span 56.

1) =

0 16 32 48 6 22 38 54 12 28 44 2 18 34

'V&VLVLVAVAVAVAVAVA'A'AVAV'
Naaa a2 a2 aaaa ‘.

26 10 52 36 20 4 46 30 14 56 40 24 8 50

Figure 5: An optimal radio labelling for C3,.

Case 3: k=2 (mod 4) ‘ To define the permutation 7, we first partition

the vertices of C2 into eight sets, in the following order:
A,D,G,B,E,H,C,F,

such that A consists of the first (k/2)+1 vertices, A = {vo, v1,v2, -,V 2},
and each other set consists of k/2 consecutive numbers. For instance, D =
{’Ug_’_l, s Up—1,Vk} and F = {U%—H’ e Ukt

Secondly, we arrange the vertices in the above sets into Table 1:  The
permutation of 7 is defined by the ordering given by the arrows Table 1.
That is, xg = vo, 1 = Usk g, oy Tak = Vg2, etc.
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Vo - 0%4_1 7 U3k+1|7 VE 1|77 V2k+1|— U%H — Vk+1|— Vsk
— U — U3k — v — Vk — U — Vik — v — VUsk
1 k42 3k+2 £42 2k+2 42 k+2 k42

~>v3k+§*>vg+§—>vzk+%—> v7k+%~>vk+%—> ”U%_,'_

Table 1:

By the arrangement of the vertices in Table 1, we observe that, for any i:

k k k+2
3 and d(x;, zi43) = [ﬂ ==

3k+2
4 Y

di = d(z, xi41) = Az, Tiq2) =

To verify that f is a radio labelling, it suffices to prove Claims (2 — 4).
Claim (2):  f(xi42) — f(z;) > k — d(z;,x;42) + 1. By the observation
above, we have

f(@iv2) — f(xi)=2k +2 — (di + dit+1)

3k + 2
—2k+2—(2- Z_)zk—ﬂmwwﬂ+L

Claim (3): f(xiys) — f(xs) > k — d(x4, i43) + 1. Similar to Claim (2), as
d; + di+1 + d,‘+2 =3- (#12), we get

f(.riJrS) — f(.%'l) =3k+3—(di +diy1+dig2) >k — d(.%‘i,l'i+3) + 1.

Claim (4):  f(xjya) — f(x;) > k+ 1. This can be proved similar to
Claim (3).

Therefore, f is a radio labelling. The span of f is k2 + 2k, as do + di +
do+ -+ +dp—2 :k(3k)—‘r2).

Figure 6 shows an optimal radio labelling for C%; with span 48.
ICase 4: k=1 (mod 4) | We first show that rn(C2) > k? + k. Suppose,

to the contrary, there exists a radio labelling f with span k% + k. Since k
is odd, by Lemma 1 and Theorem 2, we have

f@ipe) — f(z) = %, for all i. (4.1)

Referring to the proof of Lemma 1, we get

liyliy1,1] are all odd for any 1, (4.2)

14



42

26 10 36 20 4 46 30 14 40 24 8 34

Figure 6: An optimal radio labelling for CZ;.

and all the in-equalities in (2.1), (2.2) and (2.3) are equalities (note, because
the span of f is k? +k and because k is odd, it must be that l;, ;11 > k+1,
and If > k). In particular, f(z;42) — f(z;) =k +1— l"*g'l for any 0 <i <
n — 2. Combining this with (4.1), we get

I} =de, (vi12,7;) =k, for all 4. (4.3)

By definition, for any i, 1 < f(xi1) — f(z:) < f(ziy2) — f(2:) = 551, So,
we have 1 < k+1— % < %, which implies

k+2<l;= an ($i+1,$i) <2k -—1. (44)
Because f(zo) =0, by (4.1) and (4.3), we have

(k + 1)i
2

f(@2:) = f(vn—ki) = (mod n), for all 0 <i < 2k.

Because n = 4k + 1, the above implies that the following four blocks of
vertices are occupied by f(xg;),4=0,1,2,---, 2k:

A=[vg, -, Ve 4],
B= [Uk+1a"'7vk;+%_1]7
C= [U2k+17 e 5U2k+%]7
D= [U3k+17"'17}3k+%]'
Consider the remaining vertices (which are x9;41, 4 =0,1,---,2k — 1):
W:[v S Uk,
X:[v -, U2k,
Y= [v2k+k+1+1’ tee ,’ng],
Z:[ k+1+1,"'7’l)4k].

15



By (4.4), if x9; € A, then z9;41 € X, for some i =0,4,8,12,---,2k — 2.
If 5; = v; € A for some even j, by (4.3), then 9,41 = vy € X for some
odd j'. Notice that there are (51 + 1) vertices with even sub-indices ¢ of
v in block A, while there are (k T1) vertices with odd sub-indices ' of vy
in block X. By pigeonhole principle, this is impossible.

Now, it suffices to find a labelling with span k2 + k + 2. Define 7 by:

7(2))  =(3k + 1), i=0,1,---2%:
7(2i + 1)=(3k + 1)i + 2k, i=0,1;

T2+ 1)=Bk+1)yi+2k—-1, i=2,3;
T(2i4+1)=Bk+1)(i —4) + £ i =45 2k — 1.

We verify that f is a radio labelling.
Claim (1): 7 is a permutation. Assume 7(2¢) = 7(2i’) for some 0 < i,7" <
2k. Then (3k+1)(i —¢) =0 (mod n). Because (3k+1) = —k (mod n),
we have k(i' —4) =0 (mod n). This implies ¢ = 4/, since ¢’ — i < 2k.

Similarly, one can show that if 7(2i41) = 7(2¢'+1) for some 4,4'=0, 1, 2, 3,
or 7(2i+ 1) = 7(2¢' + 1) for some 4,i' € {4,5,---,2k}, then i = ¢'.

Assume 7(2i) = 7(2i'4+1) for some ¢ = 0,1,2,---,2k and i’ = 4,5, -, 2k—
1. Because 4(3k +1) = 1 (mod n), so we have (3k + 1)(i — i') = 31
(mod n). Multiplying by 4 to both sides, we get

4Bk+1)(i—i)=(G—1i)=6k—2=2k—3 (mod n).

Then, it must be ¢ = i/, because 0 < i — ¢’ < 2k —4 (if ¢ > '), and
i’ —i <2k —1 (if i > 4). Note that, —(2k —3) =2k +4 (mod n).

Assume 7(2¢) = 7(2¢'+1) for some i = 0,1,2,---,2k and ' = 0,1. Then
we have (3k +1)(i — i) = 2k (mod n), implying (i’ — i) =2 (mod n).
This is impossible as —1 < i’ — i < 2k.

Similarly, one can show that it is impossible that 7(2¢) = 7(2i’ 4 1) for
some 7 =0,1,2,---,2k and i’ = 2, 3.

Assume 7(2i 4+ 1) = 7(2' +1) for some i =4,5,---,2k—1and ' =0, 1.
Then, we obtain (3k +1)(i —i’) = L (mod n). Multiplying both sides
by 4, we get i« — i’ = 2k + 2 (mod n), which is impossible, because 3 <
i—1i <2k —1.

Similarly, one can show that it is impossible that 7(2i + 1) = 7(2¢' + 1)
for some i = 4,5,---,2k — 1 and i = 2, 3.

Claim (2): f(xiq2) — f(x;) > k+ 1 —d(z;,z42) for all . It suffices to
show that (d; + d;+1) — d(zi, zi42) < k+ 1. By the definition of 7, we have
d(xiy igo) > % and d; + d;11 < %T"‘ﬁ. Hence, the result follows.
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Claim (3): f(zits) — f(zi) > k+ 1 — d(z;,z43) for all i. It suffices to
show that (d; + d;11 + diy2) — d(x;, xiv3) < 2k + 2. By 7, we obtain:

E

EEL D if dy + digq + diyo € {25E2, BEE3 Y,

2
- Ak+2 Ak+4 4k+6
d(zi,i13) = }J 1 W+ digs +disa € gﬁ’ R
T, ifdi +dig1 + dige = 2
B3 if dy + digq + dipp = 2EL

By some calculations, we conclude that the claim follows.
Claim (4): f(xiya) — f(z;) > k+ 1 for any i. By 7, we have d; + di41 +
diyo + diys < 3k + 3 for any 7. So, the result follows.

Therefore, f is a radio labelling. The span of f is k? + k + 2, because

f@n1)=(—1)(k+1) = (do+di +da+ -+ dn_2)

k+1 k+1 k k
b (e PP g B RS RS
2 2 2 2
Bk+ 1Y (4k=8Y  (8k+5) (4k—8
4 2 4 2

=k*+k+2.

Figure 7 shows a radio labelling for C3; with span 32.

14 26 19 31 5 11 23 16 28 1

Figure 7: A radio labelling for C3,.

Conjecture 1 If k=3 (mod 4), then rn(C3, ;) = k* + k+2.

For the radio numbers of C%, 43, we first prove a lemma.

Lemma 5 If k is odd and ged(n, k) > 1, then rn(C3,,5) > MEM
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Proof By Theorem 2, rn(C2) > 2’“23& Assume to the contrary, there
. . . . 2

exists a radio labelling f with f(zo) = 0 and span f(z,_1) = 2+TEES,

Then by the proof of Lemma 1, we have f; + fi11 = % for all 4. Similar

to the proof of Case 4 for n = 4k + 1 case (see (4.1) — (4.4)), by some

calculation, we get for any 1,

k43 )
f(ive) — f(xi) = — and [ =dc, (viy2,7;) = k.

This implies that,

(k + 3)i
2

f(x2:) = f(on—gi) =

(mod n), for all i.

This is impossible, since the function defined by 7(0) = 0 and 7(2i) = n—ki
(mod n) can not be a permutation on {0,1,2,---n — 1}, as ged(n, k) > 3
(since k is odd).

Theorem 6 Let C2 be an n-vertex square cycle where n = 4k + 3.
If k = 4m for some m € ZT, or k = 4m + 2 for some m # 5 (mod 7), then

_2k* 49k +4

CQ
m(e3) = 24
If k =4m + 2 for some m = 5(mod 7), then

2k%2 +9k +4
2

2k% 4+ 9k + 10

< rn(C,Ql) < 5

If k=4m +1 for some m € ZT, then

2k247k+3 — .
S 4fm=0,1 (mod 3);
rn(C) = R ikts e _ ( )
5 me:2 (mod 3)
If k = 4m + 3 for some m € ZT, then
2k%47k+5 — .
S 4fm =0 (mod 3);
rn(Cr) = ikt e _ ( )
5 me:l,Q (mOd 3)

Proof Let n =4k 4+ 3. Then d =k + 1.
By Lemma 5, the bound proved in Theorem 2 can not be achieved for
the following two cases for n = 4k + 3:

1) k=4m+1land m=2 (mod 3). Let m = 3p+ 2 for some p € Z.
Then, ged(n, k) = ged(48p + 39,12p +9) > 3.
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2) k=4m+3and m =0 (mod 3). Let m = 3p for some p € Z+.
Then ged(n, k) = ged(48p + 15,12p 4+ 3) > 3.

If 1) or 2) holds, then by Lemma 5, rn(C3,, 5) > M

Hence, by Theorem 2 and Lemma 5, it suffices to glve radio labellings for
k=0,1,2 (mod 4), with span achieving the desired numbers. We consider
cases, and in each of the labelling f given, we use the same notations used
in the previous section.

Case 1: k=0 (mod4)’ Let k =4m. For 0 <i<n —1, define 7 by:

(i) = (3’“; 2) i (mod n).

Hence, for any 1 =0,1,---,n — 2,

6 - 3k+2] 3k+4
T 4 T4

We now claim that f is a radio labelling.
Claim (1): 7 is a permutation. By the Euclidean Algorithm, ged(4k +
3, %TJFQ) = ged(16m + 3,6m + 1) = 1. Therefore, 7 is a permutation.
Claim (2): f(zit2) — f(x;) > k+1—d(z;, zi42) + 1. By the definition of
7, we have d(x;, z;12) = ﬂ and d; + d; 1 = 3k+4 So, the result follows.
Claim (3): f(zit3) — f(z4) > k+ 1—d(x;, xiys) + 1. By 7, d(z;,zi43) = &
and d; + djy1 + digo = 9kt 4 . Hence, the result follows.
Claim (4): f(xi44) — f(z;) > k+ 2. This is true since d; + d;+1 + diy2 +
di+3 =3k + 4.

So, f is a radio labelling. The span of f is
calculation.

Figure 8 shows an optimal radio labelling for C%, with span 36.
Case 2: k=2 (mod4)| Let k=4m+2form € Z*. So,n = 16m+11.

e Subcase 2.1: m=0,1,2,3,4,6 (mod 7). For 0 <i<mn—1, define 7

w L (3k+4Y
T(Z)< . )z (mod n).

2
W, by some easy

By the definition of 7, we have

g [3k+4] _3k+6
o4 | 4

The labelling f is defined by f(zo) = f(vg) =0, and for 0 <i <n—1,

F@ie1) = flzg)) +k+1—d; +1, ifiis even;
HUT U f@) +k+1—di +2, ifiis odd.
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Figure 8: An optimal radio labelling for C%,.

We show that f is a radio labelling.
Claim (1): 7 is a permutation.  This is true, because ged(n,
ged(16m + 11,6m +5) = 1.
Claim (2): f(ziy2) — f(z;) > k+1—d(x;,zi42) + 1. By the definition of
_ 3k+46

7, we have d(z;, x;42) = g and d; +d; 1 = =5~ Hence,

3k2+4> _

f(xl'_;'_g) - f(l‘z) =2k +5— (dz + di+1) =k +1-— d(Ii,IL’H_Q) + 1.

Claim (3): f(xiys)— f(x;) > k+1—d(x;, zi43)+ 1. Because d(x;, x13) =
% and d; +dijy1 + dige = 9’“1'18, we have

f@iv2)=f (@) 2 (d=di+1)+(d—dip14+2)+(d—dit2+1) 2 k+2—d(x;, Tiy3).

Claim (4) f($i+4)_f(xi) > k-+2. Because di+di+1 +di+2—|—di+3 = 3k+6,
S0 f(xi+4) — f(Iz) > 4(:16 + 2) +2— (dz + di+1 + d7;+2 + di+3) >k+ 2.

The span of f is 2"“2"'#,because
fwpn) = (d—=di+1)+(d—dig1+2) 4+ +(d—dp2+2)
n—2
n—1 2k% + 9k +4
= (nl)d+(1+2)( )Zd¢2.

=0

e Subcase 2.2: m =5 (mod 7). It suffices to find a radio labelling
with span MZQA. Let m = Tp+ 5 for some p € ZT. Since n = 4k + 3
and k = 4m + 2, we have gcd(n, %TH) =7, and that = is odd.
Fori=0,1,2,---,n—1and j=0,1,---,6, define 7 by:
3k +4 G+ Dn

T(i)z(T>i—j (mod n), if %gmf
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By the definition of 7, and since k is even, we obtain

sk+2 forz—J" land j=1,2---,6;
d; = 4. 4.5
{3’“4—%, otherw1se (45)
The labelling f is defined by f(z¢) = f(vo) = 0, and
o For j =0,2,4,6 and 2 < < U,
o f@)+E+1—di+1, ifiiseven;
@) = { Fla) +k+1—ds+2, ifiis odd. (4.6)
e For j=1,3,5and & << Utln.
o fle) +k+1—d;i +1, ifidisodd;
Flzipn) = {f(xl) +k+1—d;+2, ifiiseven. (4.7)

We verify that f is a radio labelling.
Claim(1): 7 is a permutation. Assume, to the contrary, that 7(i) = 7(i’) for
some 0 < 7,7’ <n — 1. Then we have (%) i1—j= (%) i — j' (mod n)
for some 0 < j,j < 6. This implies (i — i') (335) = j — 4/ (mod n).
Because 2 = n = 0(mod 7) and 0 < [j — 4| < 6, it must be that
j =j'. Hence, |i —i'| < Z. (Recall that ged(n,25) = 7.) Let n = 7t
and % = T7s for some s,t € Z* with ged(s,t) = 1. Then we have
(i —")7s = 0(mod 7t), implying (i —4')s = 0(mod t). This is impossible
because |i —i'| < % =t and gcd(s,t) = 1. Therefore, 7 is a permutation.
Claim(2):  f(zi42) — f(zi) > k+ 1 — d(x;,xi42) + 1 for any 7. By the
definition of 7, we have d(z;,z;42) = 4. By (4.5), (4.6) and (4.7), we have

St i fi=d—d;+1and fiyr =d—dip1 + 1

di +diy1 = 2 .
! o L;G, otherwise.

Now we consider the two cases in the above separately.
If d; + diy1 = 22 then

f@iv2) = f(zi) = fi+ fin
— d=di+ 1)+ (d—diy + 1)
= k+2—d(l‘i,$i+2).

Ifd; +diy1 = 3k+6 , then we obtain
f@ig2) = f(@:) = (d—di+1)+ (d—dig1+2)
= kj+2—d(l‘i,$i+2).
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Claim(3): f(zi+3) — f(zi) > k+ 1 —d(x;,zi43) + 1 for any i. By the
definition of 7, we have d(z;,z;+3) = 2. By (4.5), we have d; + d;+1 +

dipo € {218 9EH4Y  Hence, by (4.6) and (4.7), we have

f(wiys) — f(xi) = fi+ fixa + fire
(d—di+ 1)+ (d—dij1 +1) + (d = digo + 1)
9k + 18

v

Y

3k+6—

> k+2— d(ﬂii,l‘i+3).

Claim(4): f(zita) — f(x;) > k+ 2 for any i. By (4.5), d; + diy1 +diya +
divs € {3k + 6,3k + 5}. So, the result follows by a similar calculation to
the above.

Therefore, f is a radio labelling, with span MA, because

f@n—1) = (d—do+1)+(d—di+2)+- -+ (d—do_1+1)
+(d—dL7L+1)+(d—d%+1+2)+"‘+(d—d%,1-‘rl)

+(d—de +1)+(d—dspyy +2)+ -+ (d—dp2+2)

= (n—l)d+3(n_7)—|—6—((n—?)(#)—i—&gk:%)
2K 49k +10
=

Case 3: k=1 (mod 4) ‘ Let k = 4m + 1 for some m € Z™.
e Subcase 3.1: m=0,1 (mod 3). For 0 <i <n — 1, define 7 by:

(i) = <3k2+3) i (mod n).

Hence,

o [Bk+3] _3k+5

1 T 4 - 4 .

The proof that f is a radio labelling with the desired span is similar to
Case 2 of Theorem 4. We leave the details to the reader (cf. [11]).

Figure 9 shows an optimal radio labelling for C2; with span 44.
e Subcase 3.2: m=2 (mod 3). Define 7(0) = 0 and

7(2i+1) = 3(k+1)i+2k+1 (mod n), if0<2i+1< 2
7(2i) = 3(k+1)i (mod n), if1<2i< 2
7(i) = dk4+2+(i—2)(2E2)  (modn), fZL<i<n-1

Recall that n =4k +3, k =4m+1land m=2 (mod 3). So, n =16m+7
and 2?” is even. Therefore, the above definition of 7 implies that when
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20 30 40 4 14 24 34 44 8 18 28

Figure 9: An optimal radio labelling for C3,.

i =22 then 7(i — 1) = 3k + 1 and d(;_1,2;) = 1. By some calculation,
we obtain

k+1, ifiisevenand 0 <i< 2 —1;

o ifiisoddand0§i<%n_ :

di =1 3

i = k+1 ifi=22 _ 1.
2 - 3 )
SRES i 2 <j<n—2;

We now verify that f is a radio labelling.
Claim (1): 7 is a permutation. Because m =2 (mod 3),son=%k=0
(mod 3). Therefore, we have

7(2i) =0 (mod3), 0<2i< 2,
T(2i+1) =1  (mod3), 0<2i+1<2,
7(%) =2 (mod 3), %”gign—l.

Hence, it suffices to show that 7 is one-to-one within each case.

Assume 7(2;) = 7(2i) for some 0 < 2i,2j < 2. Then (k+1)(j —i) =0
(mod %). Letting m = 3p + 2, we get ged(k + 1, ) = ged(12p + 10, 16p +
13) = 1. Hence, j =7 (mod %), implying that i = j, as i,j < %.

By the same argument, one can show that 7(2i+1) = (2k+1)+ (3k+3)i
(mod n) is one-to-one for 0 < 2i + 1 < 2.

Assume 7(j) = 7(i) for some i, j > 2. Then Ef1(j—i)=0 (mod n/3).
This implies that j = i, since j — i < n/3. Therefore, 7 is a permutation.
Claim (2):  f(zit2) — f(x;) > k+1—d(x;,x42) + 1. It suffices to show
that d; +d;+1 —d(x;, x;42) < k+2. By the definition of 7, d(z;, ;12) = %
and d; + d;1 > 5’“2'7. Thus, the result follows.

Claim (3): f(wixs) — f(x;) > k+ 1 —d(z;, xiq2) + 1. It suffices to show
d; + diy1 +diyo — d(x;,xi43) < 2k + 4. By the definition of 7, we obtain:

EEL D if dy + digy + digo = SEET
d(zi, wivs) = 1, if di + dy1 + digo € {2k + 4,2k + 3);
k

3 if d; 4 dig1 + diyo € {22HIE ORELLY
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By some calculation, we conclude that d; +d;+1+dito—d(z;, xiy3) < 2k+4.
Claim (4):  f(®i+4) — f(z;) > k 4+ 2. The result follows by the fact that
di +diy1 +diyo +dips < 3k +5.

Therefore, f is a radio labelling with span %, as

flrn1) = (d—do+1)+(d—di+1)+ -+ (d—dpo+1)
= (4k+2)(k+2)—(do+d2+'--+d’%n_2)*
(di+ds+ - +dep_g) —dza_y — (dzp ++ + dn-2)

= 4k>+10k+4—
8k +6 4k k+3. k+1 3k+5 4k
(T)(k‘*‘l)—(?)( 5 ) — 5 —( 2 )(?)
2B+ Tk+5
—

Figure 10 shows an optimal radio labelling for C%, with span 115.

Figure 10: An optimal radio labelling for C%,.
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