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Def:_ A field F is a set with

two binary operations denoted by
+
①

and •

,
such that

the following are true .

④ For every a)
be F ,

there exist

unique elements
atb and a. b in F.

④ For every
a
, b)
CEF we

have

atb-by-aatlbtck-a-b-a.bea. b.
= b. a a. (b. c) = (a. b)

• C
= a. b + a.

c

↳ + c) •?⃝Cop?:p.EE?)lasp%EFes#b.a+c.a
⑤ There exists

elements (ᵈpi¥hkY)
0 and
1 in F where

at0=Ota=a
and a. 1=1

. a=a

for all
a in F.

④ For every
a c- F there

exists

DEF where
at D= d

-19=0 .

④ For every
AEF with a -1-0,

there
exists FEF

where

a. f- = f. a = 1



HWI 0 , 1 , d , f from ②

④ /④ /④ are unique .

We call
0 the additive

identity of
F

.

We call
1 the multiplicative

H
of F.

We
denoted in ④ as

- a

and call
it the additive

iIa
.

We denote f-
in ⑤ as a-

'

and call
it the multiplicative

inreiseofa



EI F=R the set of ③

real numbers is a field .

¥ÉÉj¥→
"

P ← multiplicative

i¥ identity
a=É , - a=

-± ( aᵈᵈTase)

( multiplicative)inverse

={ -1,9119k¥
, . .}

[rations'mbus]
is a

field .

a=
-¥ , - a-

_ 3-7 , a-
'

= -73



EI

F=¢={ xtiy / × , y c- IR}
④

= { I = Itoi ,
0=0 +Oi

,

E- { + Oi , Iti , .
. . }

[ e-2=-1]

Iisaf
[-34594550,446-0]
E If p is a prime , then

Zp = { E ,
T
,
I. ◦ , PT}

is a field
. [Zp is called

the integers modulo P .]

[We won't use Xp
in this]class



DEI. Let F be a field . ⑤
A vectorspace over F is a set

V with two
operations .

The first

operation
is addition

which takes

two elements
V1
,
V2 EV

and

produces a unique
element YTVZEV .

The second
operation is called

scalar multiplication ,
which takes

one element a
C- F and one

element VEV
and produces

a

unique
element av

c- V.

¥couldwa'i
The set

V is sometimes called
the

set of
" vectors

" and F is[sometimes called the " scalars]
The following

properties must
hold :

④ For all Vi
,
Vz EV we have

V
,
+ V2 = Vztv ,

. Commutative]property



④ For every ✓
1) V2 , V3 EV we

have V
,
1- ( Vzt V3 ) = ( V. 1- V2 ) 1- V3

⑥

[associative property]

④ There exists
an
element

in V where
ÑtW=WtÑ=W

for all
WE V.

④ For every
WEV there

exists ZEV
with

wt 2-
= Ztw

=

④ For each
WEV we

have

1W = w
[Here 1

is from
F]

④ For every
a ,bEF and

WE V we
have

cab)w =
a ( bw )



④ For all AEF ⑦

and Vi
,
V2 C- V we

have

a ( V , + V21
= AV

,
talk

⑧ For all a. be F and
well

we
have ( at b) w

= awtbw

#

Notes Later
we will

show that

8 from ④
and the

2- from

④ are unique
.

is called
the zeb

in V

Z is called
the addiiveinvase

of w and will
be written

F-- w .



EI: F=lR ,

✓ = IR
≥
= { ( × , y ) / × , y EIR}

⑧

Then V= IR
≥

is a
vector space

over F=lR .

Where

(a) b) + (x ,y /
= ( atx ,btya-YdtYo@xCx.y

) = ( ✗ × ,
✗ y ) o-sm%F1icati.TL

✗=alph@Vedv=☒zscakus/field_#
£ñ=ai ) ←¥ER
E✗amp1e:(5,-l)t(2,7/=(7,6)#

3 (5-1)=(15-3)



EI Let F be a field
. ⑨

Let

✓ = Fn = {( Xi , Xz, . . ,Xn ) / Xi ,Xz, . . . ,XnEF}
where n ≥ 1 .

Then ✓ = F
"

is a vector space

over F using the
following

operations .

Let ✗ EF and

✓ = ( ai , Az, • .
.,
An )

W = ( b , ,
bz
,
. . . ,

bn )

define vector addition
as

✓ t w =
( ait bi , aztbz ,

• ◦
°

,
Antbn )

and scalar
multiplication as

✗ v = ( da , ,
✗ Az , • • • ,

✗ An )



proof Let 2) PEF ⊕

And V,w,ZEV=Fⁿ where

✓ = ( V , ,Vz, . . . ,Vn
)
,
W=(Wywzjooywn )

and 2- = ( Z , ,Zy•◦o,
Zn )

.

④ We have that

Vtw = ( V , >
V2
,
. . ,Vn)t(w , >

Wz, . . ,
Wn)

= (VitWijVztWzjo.yVntWnJ@CWitVigWztVzg.o.

>
Wntvn )

since F

fÉ}=(WI )Wz)•• , Wn / + (4)
V2 , . .co,Vn )

is a

atb=bta

ta,bEF
= Wtv

pr



④ We have that ④
.

✓ 1- ( WTZ ) = ( v. is, . . , Vn )

+ Wi ,Wy . .,
Wn ) + (Z , , Zz, . . ,Z

= (4)V2 , • ◦ °, Vn ) t (wit
Z , ,
Wet Zz , • ◦

°

,
WntZn )

= ( V ,t(Witz ,
)
,
Vzt (Wat

Zzl , . . ,
Vnt (Wnt Zn 1)

⇒ ((
V

,
1-Wilt Zi , (Vztwz

) +Zz, •
◦ ◦ / (Vntwn/

+Zn)

( = ("+
W "
"" ""

" "
""""

⇐ """ " "⇒

= [(4) V2 , . . ., Vn)
+ (Wywz , • og

Wn )]
+ (Z , ,

-24 .
• yZn)

④ propatcbi-g-ya.si#V+w)tzV-a,b
,
C E F



④ Define ④

⑤ = (0,0, • •

,
O )

where 0
is the Zero

element of F.

Then ,

Zt ?⃝ = (Zi ,
Zz
,
. . ,
Zn ) + (0,0,

°o°,
0)

= (Zito,
2-21-0, .

-
•

,
Znt 0 )

(Z , , Zz ,
.

◦
•

,
Zn )

④
propat0=0+a=a] = Zta c- F and

⑤ + 2- = (0,0, ◦
• °,
0 ) + (Zi ,Zy◦•yZn

)

§Z 's
0+2-2 , ◦ • o

,
Ot Zn )

= ( Z , ,
Zz ,

•
o

- j
Z n )



④ Given ✓ = ( V1 , V2 , • ◦ o

,
Vn ) ④

Consider - V = C- V1 ,
- V2 , ooo,

- Vn )

Where - Vi is the
additive inverse ]of Vi in F.

Then ,

" c-menu .
"
.i

= ( O ) 0, ◦ ◦
◦ ,
0 ) =→and

C- ✓ ) +
✓ = (-V.tv , ,

- Vztvz , . . ,

- Vntvn )

= ( 0,0, •
◦ ◦ ,
0 ) =



④ Let 1 be the multiplicative ④
.

identity of F.

Then ,

1. V = I
• ( V , , V2 , • • ,

Vn )

= ( IV , ,
1- V2 , • .

.

,
1- Vn )

④% ( V , ,
V2 , •

◦ ◦,
Vn ) = V

É
( ✗ B) w = ( LB

) (Wi ,Wa , ◦ ◦ °,
Wn )

= ( ( xp)w , ,
( xp )w , , . . ,

(✗B) Wn)

④ A- (✗ ( pw , ) ,
✗ ( pwz ) , . . >

✗ (PWND

a(bc)=]
a,b ,CEF

= ✗ ( Bwi , Bwz ,
ooo

, pwn)
cable

=
✗ [P (Wi )Wz ,

. .
.

,
Wn☐

= ✗ [pw]



④ We have that ④

✗ ( vtw )

= ✗ 1)
V2 , • v., Vn ) + (Wi ) Wz ,

• . . )
Wn )]

=
✗ ( Vit Wi, Vztwz , ooo,

Vntwn )

= ( ✗ (Ytw ,
)
,
✗ (Vztwz ) , . . ,

✗ (Vntwn))

?⃝
" + ✗
"
"
" ✗" "

° "
✗ "" ")

= (✗ V , ,

✗ V2 , . . .,
✗ Vn ) + (✗ Wi ,

✗Wz
,
. . ,dWn )

p②=
✗ (✓ 1)V2 , . .

.

,
Vn ) t ✗ (Wi )

Wz
,
•
o,
Wn /

= ✗ ✓ + ✗
w

a(btcabt
ac

ta ,b ,
CEF



④ We have that ④

( ✗ tp ) w = ( ttp ) (wish , . . , Wn )

= ( (✗ +B) Wi , (✗ +B) Wz, . . . , (✗+ Btwn )

?⃝ (LW ,
+13W , ,

✗Wztpwz, . . . ,
✗Wntpwn)

④
= (✗Wish Wz, . . ., ✗

Wn )

+ ( Bwi , Pwc ,
.
.
. ) pwn )

(at b) c
=

act beya,y,gp], = ✗ ( w , ,
w , , .

. . ,
wn )

1- P ( w , ,
Wz , . . ,

Wn )

= ✗wtpw

-

Since ④ -④ are true ,

V= F
"

is a
vector space

over F. ☒



④
EI

✓ = IRS is a
vector space

over
f- = IR

✓ =
" ◦ ◦"

°"

is a

a



Let F be a field . ④
Let f- Mm,n( F) be the

set of all mxn
matrices with

entries from F .

Then one can

show that V is a vector

space
over F where vector

addition is defined as

a

:÷
" - a

:/ +1¥ . !÷::÷y[" A" ◦ ◦ ° " ^

bm
,

bmz . . . h.mn

Am ,
Amz ◦ • ◦ Ann

a "+b " "" +
b
"

◦ ° "
"
"
+ b " "

)= [" tb" "" +b"
◦ • °
""+

b
"

:
: :

Amitbm ,

Amztbmz
• • •

Amntbmn

[more on
next page]]



and scalar multiplication is

defined as

✗ [ A" A" ° ° ° % "÷ ::::⇒: :

ya,
ya , . . .

,a,

⊕

✗ & "
✗ ° "

" " °
£

?
"

)= ( •

: .

;
'

✗ Am ,

✗ Amz
•

• - damn

where

0 0
.
r

- O

o:-( I

pr◦ Similar to last
example .

☒



EF=R ⊕

v=M(R1={ ( ad :-) / %¥¥☒}
E- ( : : :)

Example of
computation

is

1 : : -11+1
: : :-)

= (
6 3 °

5 2 HIT )
and

H: : 'sH¥ :



Let F- IR or F- I .

④

Let n ≥ 0 be an integer .

Define

Pn( F) = { a. + a. ✗ tanit . . .
+ a. ×

" / aief}

So
,
Pn (F) are all polynomials

of

degree ≤
n with

coefficients

from the
field F.

One can
show that

V=Pn(F)

is a vector space
over F

Where vector
addition is given by :

( a. ta ,
✗ t . . . tan ✗Yt / b. 1-bit

. . . + bnxh)

= ( a. + b.) + ( a. 1- b.) ✗
t . . . + ( antbn / ×

"

to



and scalar multiplication is given by ④

✗ ( a. 1- a. ✗ t.at anxn)

= (✗ a.) + ( ✗a.) ✗ + ◦ ◦ ◦ + (✗ an / X
"

Notes. In Pn (F) , the
zero vector

is 8=0+0 ✗ + . . . + OX
"

.

Equaling
we define equality as follows :

Let f- = a. + a. ✗ t .
. .
+ an ✗

^

and g. = b.
tb ,

✗ + . . .
+ bnx?

We define f=g
iff

Go __ bo , A ,=b , ,
ooo
,
an = bn



EI Let F- IR .

④

Consider

✓ =P
,
( IR)

= {9.1-a , ✗ + anita >
✗I ayx

" / ai EIR}

= { 0 , 5 , 11-+3×2- ✗
4

,
×
"

,
• •
.}

P P 5- 5+0×+0×4-0×3+0×4

0=01-0×+0×7 0×3+0×4

example of adding :

(11-+3×1×4) + ( I - ✗4- ✗ 3)

= (11-+1)+2×2 + ✗
3- ✗

4

example of scaling :

{ (1-6×4×4)=1-2
-3×71-2×4



Py (R) is like IRS ④

It ✗ - ✗75×3-7×4 ←pÉ
I

( 1,1 , -1,5 ,
- 7) ←i



theorems Let V be a vector space ④
over a field F.

① The element
from ④ is unique .

That is , there is only one vector
in µ④at satisfies + w=wtÉ=W for

all WE V.

② Given well , the
element

Z from ④ where wtz
= 2- tw

=
É

is unique .

[Recall we write z as - w]

proof:_
① Suppose É , É

EV where

so
,

,

E. + w=wtÉ ,
= w

and 0%

and ÉtW = Wt
W } are bothzero

for all WEV .

vectors .



Then, ④

E. = É+É=E.
p p

w=w ,+w
Thus

, ,
-_É .

So there can be only
one zero vector .

② Let WEV . So,

Suppose Zi ,
2-ZEV where

} z , ,
Zz

are
both

additive
wtz ,

= Zitw =
É

inverses

and wt Zz=
Zztw =

. for w

we have Wtz ,

= É
.

Add Zz to both sides to get

Zzt (wt
Z

, ) = zzt



Thus, using associativity we have ④

( Zztw ) 1- Z , = Zz

7
Thus

,

+2-1=2-2 .

So
,
Z

,
= Zz .

Ergo, there is only one
additive

inverse for w '

☒

-



⑧

Def:_ Let V be a vector space

over a field F.

Let W ≤ V.

⑤We say
that

W is a subspace

of V if W

is a vector space

over F using
the same

vector addition
and scalar

multiplication
as in ✓



theorems Let V be a vector space ④
over a field F. Let W be

a subset of V .

W is a subspace of
V if and only if

the following three
conditions hold :

you can
actually

① E W
← just show W =/ ∅

② If V4 ,wzEW, }
W is closed
under t

then W ,
twz C- W .

③ If ✗ EF
and }

W is closed

WE W , then
✗WEW

under scaling

proof's Homework .
☒

:÷"
PkNRE0F①,②



Let V=ÑiF=R . ④
Let

W={Cab , a) / beer}
= { ( 0,1 ,ñ ), (9-1,52),

• ◦ ◦ }

Is W a subspace of V ?

It is !
Let's prove

it
.

① Setting b=0 ,
c=0 gives

( o, b , c)
= ( o, 0,01

is in
W .

So
,

FEW .

② Let Wi , Wz
C-W .

Then
,
W ,=(0,4 , 4)

and

Wz=(0,be , Cz ) where
bi
, 4)

bz
,
Cz

are in IR
.



Then, ⑤
WitWz=(0 , b. tbz, cite )

which is in W
,
since b. tbz ,CHEER

③ Let ✗ c- IR
and WEW .

Then
,
w= ( o, b , c)

where b ,
CER

.

And ✗w= ( 0, ✗ b ,
✗ c) which

is still in
W
,
since ✗b) ✗

CEIR .

By ① ,② , and ③

W is a subspace
of V=1R?

☒



EI Let ⑤
V=R( IR ) and F=R .

Let

W={ ltbx / be R}

= { I + 2x, I - 3✗ , .
. . }

Is W a subspace
of RCIR ) ?

No .

For example

It ZX ,
I - 3✗ EW

but

( 1+2×1
+ ( 1-3×1--2

- ✗ ¢ w
tn

Als•Ñ=o+Ox¢#
• It ✗ EW , but

5. (11-4)=5+5×-4 w



⑤
Note Let V be a

vector

space over
F.

V has at least these
subspaces :

W= { } ←
trivialSubsp?⃝of V

W = V


